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Abstract

Reidemeister torsion (or R-torsion) was originally introduced by K. Reidemeister in 1935, who
used it to classify 3-dimensional lens spaces. R-torsion is a homeomorphism invariant which
may be defined using core concepts in algebraic topology and linear algebra.

Later, in 1971, D. Ray and I. Singer defined an analytic analogue of R-torsion, which involved
using the zeta function to define a regularized determinant of the Laplacian on the space of
differential forms. After proving that their analytic torsion (which has come to be known as
Ray-Singer torsion, or RS-torsion) satisfies many of the same properties of R-torsion, Ray and
Singer conjectured that RS-torsion and R-torsion are equal for closed Riemannian manifolds,
and provided computational evidence. This conjecture was proven independently in celebrated
papers by W. Miiller and J. Cheeger.

In 1994, J. M. Bismut and W. Zhang gave an analytic proof of a generalization of the Cheeger-
Miiller theorem. Their approach utilizes the Witten deformation of the Laplacian to factorize
the Ray-Singer torsion into large and small components, which then may be analyzed sepa-
rately. In 2003, M. Braverman gave another proof which uses Bismut and Zhang’s analysis of
the small component of the RS-torsion, but introduces a clever comparison analysis of the large
component of the RS-torsion.

In this thesis we present Braverman’s analytic approach. However, we also provide original
proofs for some of the results which are used.






Acknowledgements

I would like to begin by conveying my deepest gratitude to my supervisor, Pedram Hekmati.
Over the last year Pedram has pushed me to achieve my best, and remained a reliable source
of insight and motivation. Pedram has also given me invaluable career advice and helped me
with the next steps in my career, which I am very grateful for.

I would like to thank my partner Hannah, my family Sharon, Michell, and Max, and my flat-
mates Joe, Alex, Jayce, and Ollie for putting up with me over the last year. I am also grateful to
the current Labour government, whose fast response to the COVID-19 pandemic ensured that
the virus never got a foothold here in New Zealand. Completing this project would have been
much more difficult if my country did not respond appropriately to this pandemic.

I would like to thank the Mathematics department at the University of Auckland for providing
an excellent environment which was very conducive to doing maths. Finally, I am thankful to
my office mates at room 303-276, who listened to me ramble about my project and provided
valuable insight.






Contents

[Abstractl
1 Intr 10N
1.1 utline of the Proofl . . . . .

2 The Knudsen-Mumford Map|

P

The Determinant Line of a Chain Complex] . . . ... ... ... ... ....

o)

The Knudsen-Mumford Map|

2.3 The Determinant of the Laplacian| . . . .. ... ... ... ..........

3 The Milnor Metric

4 The Ray-Singer Metric|

i

Ray-Singer Analytic Torsion|

13
13
14
16
18

21
21
22
23
26

29



4.2 A Product Formula for the Ray-Singer Torsion|. . . . . . .. .. ..

4.3 A Quast-Isomorphism|. . . . ... ... o000

The Witten Laplacian|

6

Asymptotic Expansion of the Small Eigenvalues|

6.1  An Isometry From the Morse Complex to the de Rham Complex|

(6.2 The Asymptoticsof P e . . . . . ... ... ... .o ...

Asymptotic Expansion of the Large Eigenvalues|

[7.1  Statement of the Comparison Theorem|. . . . . . ... ... .. ..

[7.2  Determinant of an Almost Elliptic Operator with Parameter| . . . . .

|7.3  Proof of the Cheeger-Miiller Theorem| . . . . . ... ... ... ..

CONTENTS



Chapter 1

Introduction

Torsion is a powerful and intensely studied invariant associated to a cochain complex endowed
with a distinguished basis, or equivalently, an inner product. Reidemeister first introduced tor-
sion in 1935 to classify the Lens spaces, L(p, q), where p and q are coprime integers. The
3-dimensional lens spaces are obtained as a quotient of S3 by an action of Zy. In the same year
Wolfgang Franz, who was a student of Reidemeister, extended R-torsion to arbitrary dimen-
sions and used it to obtain the combinatorial classification of higher dimensional lens spaces.

Remarkably, for fixed p and varying ¢, the spaces L(p,q) could not be classified up to ho-
motopy or homeomorphism using homology or homotopy groups. Eventually, the lens spaces
were classified up to homeomorphism using Reidemeister torsion, or R-torsion, which is the
torsion associated to the simplicial complex. Thus, Reidemeister torsion is a secondary invari-
ant; it can distinguish homeomorphism classes within homotopy classes.

In 1971, Ray and Singer defined an analytic analogue of R-torsion for smooth manifolds, called
Ray-Singer analytic torsion or RS-torsion [RS71]]. RS-torsion is the torsion of the de Rham
complex. As a real vector space, the de Rham complex is infinite dimensional, so Ray and
Singer utilized the zeta function to define the regularized determinant of the Laplacian, which
was then used to define RS-torsion.

In their paper, Ray and Singer computed the RS-torsion for S' and found that it was equal
to the R-torsion for S'. Additionally, they proved that RS-torsion was independent of the
metric and satisfied many of the same properties as R-torsion. Thus, they conjectured that
R-torsion and RS-torsion are equal for closed Riemannian manifolds. This conjecture was
proven independently in the celebrated papers of Cheeger [Che79] and Miiller [Mil78]], and
is now known as the Cheeger-Miiller theorem. Cheeger’s approach heavily utilized surgery
techniques, while Miiller used the fact that torsion is invariant under cellular subdivision.
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Since its introduction, RS-torsion has been widely studied. Notably, it features as the partition
function in Schwarz’s BF-theory [Sch78].

Later in 1992, Bismut and Zhang generalized the Cheeger-Miiller theorem with a direct analytic
proof [BZ92]. Their proof is a generalization in the following sense. Originally, Ray and Singer
only defined analytic torsion when the closed Riemannian manifold (M, g7™) is equipped
with a flat vector bundle associated to an orthogonal representation of the fundamental group
m1(M). In this case, the Ray-Singer torsion is independent of the metric [RS71]. Bismut and
Zhang allowed a flat vector bundle F' associated to any representation, but required that F' is
equipped with a metric which induces a flat metric on the determinant line det F' = /\rank(F ) F.
In this case, the Ray-Singer torsion remains a topological invariant when M is odd dimensional,
however when M is even dimensional the Ray-Singer torsion varies with the metric. Thus they
proved an anomaly formula, which tracks the variation of the Ray-Singer torsion with the
metric, and using that formula they related the Milnor torsion to the Ray-Singer torsion.

The Milnor torsion is known to be equal to the Reidemeister torsion on CW-complexes [Mil66],
and is much more convenient to use in the analytic approach.

Bismut and Zhang’s 1992 proof utilizes the Witten deformation of the Laplacian to factorize
the Ray-Singer torsion into two components. In the large ¢ limit, the spectrum of the Witten
Laplacian is split into two components by the interval (e *1, Cyt), for some positive constants
C1,C2 > 0. Thus we may consider small and large eigenvalues of the Witten Laplacian, and
compute the Ray-Singer torsion separately on subspaces spanned by small and large eigen-
forms. We will show that the product of the small and large torsion recovers the whole Ray-
Singer torsion, so it sufficies to compute the asymptotics of these components independently.

Bismut and Zhang’s original analysis of the small torsion was later simplified in 1994 [BZ94].
Although [BZ94] proves the Cheeger-Miiller theorem in the equivariant setting, we can still
use their results by assuming the group action is trivial.

In 2003, Braverman provided a simplified analysis of the large torsion when M is odd dimen-
sional [Bra03]]. By combining Bismut-Zhang’s and Braverman’s results, we obtain a simplified
analytic proof of the Cheeger-Miiller theorem for odd dimensional closed Riemannian mani-
folds.

Additionally, we provide original proofs for some of the results which are used. In particular the

proofs for Theorem [4.2.1] Proposition [6.1.3] Proposition Lemma Corollay [6.0.2]

and the construction of certain Morse functions on M x S' x S' and M x S? are original,
among others.

The rest of this thesis is structured as follows. In the remainder of Chapter 1 we give a brief
sketch of the proof.
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In Chapter 2 we define the torsion for a cochain complex of finite dimensional vector spaces
and the torsion metric, which is a more natural conceptualization of torsion.

In Chapter 3 we define the Reidemeister and Milnor metrics.

In Chapter 4 we define the Ray-Singer torsion and Ray-Singer metric and prove a product
formula.

In Chapter 5 we give a proof of the spectral gap theorem for the Witten Laplacian.
In Chapter 6 we present Bismut and Zhang’s analysis of the asymptotics of the small torsion.

In Chapter 7 we present Braverman’s analysis of the asymptotics of the large torsion, and then
prove the Cheeger-Miiller theorem.

1.1 Outline of the Proof

Let M be a closed n-dimensional Riemannian manifold, and let F© — M be a flat real vector
bundle over M. Suppose that F' is equipped with a Euclidean metric g% so that the induced
metric on the determinant line bundle det F := A™ ¥ F is flat. Using this data, we may
define the Ray-Singer metric or RS metric on the determinant line det H®(M, F'). We will
denote the RS metric by ||| ffg He (M, F)" If n is odd, or if the vector bundle F' is associated

to an orthogonal representation, then |[|-|| %9 #re (0, ) 18 @ topological invariant of M, so it does
not depend on the choices of metrics g™ or ¢*. Additionally, when n is even and g% is not
assumed to be flat, the variation of |||} ;. (v, ) With respect to different choices of Rieman-

nian metric is known [BZ92]. More details on the construction of ||-|| /% He(
Chapter 4.

M,F) are given in

Suppose that f : M — R is a Morse function which satisfies the Thom-Smale transversal-
ity conditions. Using this data, we may define the Milnor metric on the determinant line,
[ -[124 se (0, r)- Milnor [Mil66] proved that 1A% 1o (m,F) 1 actually a topological invariant,
so it does not depend on the choice of Morse function f. More details on the construction of
||Hé\;‘t e (0, ) are given in Chapter 3.

If n is odd, or if gF is flat, then the Cheeger-Miiller Theorem states that

Theorem 1.1.1.
H'Hé\gtH'(M,F) = ||'|’dRe€H'(M,F)' (1.1)

A generalized version of the Cheeger-Miiller Theorem, where 7 is not necessarily odd and g%’
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is not necessarily flat has been proven by Bismut and Zhang [BZ92]]. In this thesis, however,
we will restrict ourselves to the case where n is odd so we may use the elegant results of
Braverman [BraO3].

The following is a sketch of the proof of Theorem Consider the de Rham complex
Q*(M, F) with coefficients in the vector bundle F'. Using the metrics g7 and g*', we may
equip Q°* (M, F') with an inner product, and consider the Hilbert space Q¢ (M, F'), the comple-
tion of Q*(M, F). Then we may define a formal adjoint of the differential d*" : Q®(M, F) —
Q**+1(M, F), which we will denote by 47, and the Laplacian A := d¥'6"" + §d”".

By Hodge Theory, we have the canonical decomposition Q' (M, F') = ker A’ @im d¥ @im 67,
where A’ is the restriction of A to Q(M, F'). Consequently, ker A’ is canonically isomorphic
to the i-th de Rham cohomology group H'p(M,F). As a subspace of Q(M, F), ker A’
naturally inherits an inner product from the inner product on Q°® (M, F'), which is induced from
the metrics g7 and g%'. This inner product yields a metric on Hip(M,F) = H' (M, F),
which defines a metric on the determinant line det H*(M, F') called the Hodge metric and

Hod
denoted by |- ’de(; He (M,F)

It turns out that the Milnor metric is related to the Hodge metric by the Milnor torsion, M (M, f).
In particular, |[-[|44 HoOMF) = |-|§Ieicgf( a.ry - MM, f). Also, the RS metric is by definition
related to the Hodge metric via the Ray-Singer torsion 7rg in the same way.

Now we will consider the Witten deformation of the differential, d" := e~*/d¥ e/, which is a
family of differentials on Q®(M, F') parametrized by ¢ € R. Let §{" := df™*. Then the Witten
Laplacian is defined as Ay, := df'6F"+6F dF’. We may define the Witten deformed Ray-Singer
torsion Trg(f,t) by using the Witten Laplacian rather than the usual Laplacian. However,
crucially, since the dimension of M is odd, Trg is a topological invariant, so 7rs = Trs(f, ).
This is useful, because the Witten Laplacian has a spectral gap property.

Theorem 1.1.2. There exist positive constants C1,Co and ty > 1/C5 so that for |t| > to,
spec(Ayy) C [0, HC) U (Cylt], o0].

We may split the spectrum of Ay, into small eigenvalues, which belong to [0, e_|t|01}, and
large eigenvalues, which belong to [Cst|, 00). Thus we may define small and large torsions,
TrS,sm(f,t) and Trg o (f,t). The Ray-Singer torsion factorizes as Trs(f,t) = Trg,sm(f,1) -
TrS,la(f,t), so we may analyze the small and large torsions separately.

Let y(F) denote the Euler characteristic, let Tre"/)[f] = ZmeCr(f)(—l)md(z)f(x), and let

X' (F) = rank(F) ercr(f)(—l)ind(x) ind(x). For the analysis of the small torsion, we will
follow the results of Bismut and Zhang [BZ94] to prove the following theorem,

Theorem 1.1.3. Let M be a closed manifold Riemannian of dimension n, and let F' — M be
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a vector bundle associated to a representation w1 (M) — GL(n,R) equipped with a metric
g% whose induced metric on the line bundle det F is flat. Let (g™, f) be a generalized
triangulation for M. Then the following identity holds.

ger e (s F
) et H®
t£+moo log(Trs,sm(f,t)?) + log W)
| ‘detH‘ MF)
t
#1og (£) (530 = X)) + 2trank(H) TEO (1.2
M
et mre (a1, )
= log T Hodge
‘ ’detH' M,F)

We will then use this theorem and the factorization of the Ray-Singer torsion to prove the
following.

Theorem 1.1.4. Ast — oo,

¥(F)log (=) +0(1),
(1.3)

log(Trs,1a(f, 1)) = log (”M“”A“’)+nmm@vﬂ9ﬁwﬂ—

1032 11+ a5 2*

Following Braverman’s approach, we consider another n-dimensional Riemannian manifold
M with a vector bundle F' — M so that rank(F") = rank(F ). Additionally, we assume that F°
is equipped with a Euclidean metric g% so that the induced metric on det F is flat. Finally, we
assume that there exists a Morse function f : M — R so that f and f have the same critical
point structure. This means that we may choose open neighborhoods around the set of critical
points B C U € M and B C U C M so that there exists an isometry ¢ : U — U such that

f = f o ¢. This means that TrS" [ f] = Sr(f)[f], and Y'(F) = ¥'(F).

We examine the asymptotics of log(7rs,ia(f,t)) — log(Trs1a( 1, t)). In particular, we show
that log(7rs 10(f,t)) — log(Trs,ia(f,t)) has a nice asymptotic expansion, which means that as
t — +o0,

l0g(Trs 1a(f: 1)) —108(Trs 1a(f, 1) Zag (t/ [t +Zb (t/It))# log |t +O(1). (1.4)
7=0

where the constant term a satisfies ag(1) + ag(—1) = 0.
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Now consider My = M x S? and My = M x S x S'. By a result of Milnor, there exist Morse
functions f; : M7 — R and f5 : My — R with the same critical point structure. Let Fy — M;
and F» — M> be vector bundles obtained by lifting F' to the product manifolds M; and Mo
respectively. Then since fi and fo have the same critical point structure, log Trg q(f1,t) —
log Trs,ia(f2, ) has a nice asmptotic expansion. Using this fact and Theorem[1.1.4} we prove
that

15 21+ a0 11567 210 0 1
) —1 2,F%2) . 1
( I I o
det H® (M, F) det H® (M2, F3)
Using a well known product formula for the Ray-Singer torsion and Theorem [I.1.4] we prove
that
. (H I8 a0 ) . (H 1451, F1)> e
= M, . .
113 £2e o) e 3o an )
and
R
( ) ) g, (1.7)
” HdetH' MQ,FQ)

It follows that RS
H'HdetH-(M,F) I ||detH'(M1 Fy)
log{ = | =log W
H‘Hdetl‘i"(M,F) I HdetH' (M,F

- l ” ||detH‘ M2 FQ) o 0
- -3 o

det H® M2 FQ)

(1.8)

Thus,
M
I HdetH‘ ap) = llaee zea, 7y (1.9)



Chapter 2

The Knudsen-Mumford Map

In this chapter, we will describe the Knudsen-Mumford map, which originally appeared in
[KM76|. All vector spaces in this thesis are over R.

2.1 The Determinant Line of a Chain Complex

If \ is a one-dimensional vector space, let A= denote the dual space of \. If v € \ we will
sometimes denote by v=! € A~ the dual element to v.

Given a finite dimensional vector space V', define the determinant line of V to be detV :=
/\dimv V. The motivation for this is that any given endomorphism 7" : V' — V/, the induced
map on the determinant line det 7" : det V' — det V acts by scaling det V' by the usual deter-
minant of 7.

Consider the following cochain complex of vector spaces

dn—l
V" 0. 2.1)

0 1
0 Ve Lyt
Denote V* = @ V' and d® = d = P}, d’ so that d is a homomorphism mapping V'* to
V*. In the case of a cochain complex V'*, we will instead define the determinant line of the

cochain complex V'* to be
n

det V* = X)(det V)", (2.2)
=0

Denote elements of det V'® by v, = v9 ® vl_l R ® v,(fl)n.

13
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In the case of a cochain complex V'*, we will always define det V'® using the alternating product
(2.2) rather than considering the top degree forms on the direct sum EB?:OVi.

Consider the cohomology of V*. For each 4, let Z* = kerd’ C V' and B' = imd*~!' c V'
Define the i-th cohomology group of V® to be H'(V*,d) = H (V*) = Z*/B".

We can also consider the cohomology of V'* to be a cochain complex, whose differential is the
Zero map:
0— HO(V®) - HY(V®) = --- = H"(V®) = 0. (2.3)

As before, define H*(V*®) = @, H'(V*) and

det H*(V*) = Q)(det H'(V*)) V)", (2.4)
=0

Given two finite dimensional vector spaces V', W, there is a canonical isomorphism gy :
det V ® det W — det(V & W) given by

pvw (AT v) @ (AW ;) — (AERY v) A (AW w)). (2.5)

One may easily check that this construction is associative, so uyyw : detU ® detV ®
det W — det(U & V & W) is well defined.

2.2 The Knudsen-Mumford Map

To define the Knudsen-Mumford map, we require the introduction of a distinguished basis v;
for each V' and a distinguished basis h; for each H*(V'*). We will identify the bases v; and
h; with a volume element in det V' and det H*(V'®) respectively in the following way. If
v; = (Vi,1, -+, V; dim vi)» then consider v; as an element of det V' as follows. Let

Vi = Vi1 N\ ANV g ;€ det V2 (2.6)
, i,dim V'

We may also consider h; as an element of H*(V®) in the same way.

Note that v
0272 s vid giHl Q2.7)

is a short exact sequence. Thus there is a non-canonical splitting V* = Z? @ B*!. Similarly,

0= B < Z' - H(V*) =0 (2.8)
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is a short exact sequence, so there is a non-canonical splitting Z° & H*(V*) & B*. Hence
Vi~ HY(V*) ® B! @ B’ non-canonically. This isomorphism is determined by a choice of
basis for each B?. We can remove this dependence by passing to the determinant line. For now,
let b; be a basis for each B".

The isomorphism V' = H'(V*)®B*1@ B* determines an isomorphism det V¢ 2 det H(V*)®
det B! @ det B®. Then, for any u; € det V%, there exists some a; € R so that

Qifldet Hi(V'*),Bi,Bi+1 (hz ®b; ® bi+1) = Uj;. (2.9)

Let ue = ®?:0u§_1)i € det V*. Also, let
ahe = (aoho) ® (a1h)) ' ® -+ @ (aphy) V", (2.10)

Define the Knudsen-Mumford map « : det V* — det H*(V*) by
Ue H> Ghg. (2.11)

We immediately see that x does not depend on the choices of b;, since if we were to choose
some other basis b, = B;b;, where B; € Aut(B"), then

det B;a; det Bi—l-l,udet Hi(V*),Bi Bit1 (hz X b; X b;-i-l) = a;(hl & b; X b;‘—f—l) = U; (2.12)

where in the above equation det B; and det B; 1 denote the usual determinant of an endomor-
phism. But then

a'he = det By det Bihg @ (det By det Bohy) ™! @ - -- @ (det B, det Bpy1h,) ™" (2.13)

Since B® = B"t! = 0, By and Bj,4+1 must be the identity, so det By = det B,+1 = 1.
Additionally, each other instance of det B; is cancelled by (det B;)~! in the preceeding or
subsequent term, so there is no net effect of the changes of basis for each B*. Therefore

a'he = ahe = K(Us). (2.14)

Since both det H*(V'*) and det V'* are one dimensional, to check that « is an isomorphism it
is sufficient to check that it is not the zero map. However, this is clear, since each isomorphism
Vi H{(V*) @ B! @ B’ is not the zero map, unless V? = 0 for each i.

In the special case where the cochain complex V'* is acyclic, H*(V*) = R. In this case, we
define the rorsion of the cochain complex V*® by 7 = k(ve) € R. This definition agrees with
the classical definition of torsion given in, for example, [Mil66].



16 CHAPTER 2. THE KNUDSEN-MUMFORD MAP

2.3 The Determinant of the Laplacian

In this section, we will derive a concrete formula for the Knudsen-Mumford map using a
Hodge-theoretic approach.

Recall that choosing a distinguished basis v; for each V' fixes a canonical inner product (-, -):
for each V%, which we obtain by declaring the basis elements to be orthonormal. Then with
respect to these inner products, we may define the adjoint 8 = d** : VTl — V7 of the
differential d*. Define the Hodge Laplacian,

A= §dE + dLe (2.15)

Denote A = @?:OAi : V* — V*. The Laplacian is a non-negative self-adjoint operator. The
following theorem is well-known, and a proof can be found in [Ros97].

Theorem 2.3.1 (Hodge Decomposition Theorem). For each V' there is an orthogonal decom-
position ' ‘ ' '
Vi=ker A'®imd ! ®imé’. (2.16)

Recall that im 6° = (ker d’)*. Since the above decomposition is orthogonal, ker d* = ker A’ @
im d'~!, therefore we get

H{(V®) =kerd/imd ' = (ker A’ @ imd" ')/ imd"~! = ker A’ (2.17)
Recall the distinguished volume elements v; for each det V* and h; for each det H*(V'®).
Proposition 2.3.2. The Knudsen-Mumford map is given by
L 1 k
w(va) =] (det’(dkdk)i(_l) )h. € det H*(V*), (2.18)
k=0

where det’(5%d*) denotes the product of the non-zero eigenvalues of the self-adjoint map 5*d".

Proof. Tt suffices to show that a;, = det’(6*d* )% for each k. Let Afm gk—1 denote the restriction
of A* to im d*~1. Then Afm g1 = d*~16*=1. Choose an orthonormal basis of eigenvectors
{bk,i}, ie. AF bkﬂ' = Ak,ibk,i- Now set l;k—l,i = )\I;%(Sk_lbk,i. Then dk_lﬁl;k_lﬂ- = bkﬂ'.

imdk—1

Observe that by, ; is a basis for B?, and also since dkl;kvi = by span{Bk,i} is isomorphic to
Bz‘—l—l- Then

VE = H*(V*) © B¥ @ B = ker AF @ span{by,;} @ span{by;}. (2.19)



2.3. THE DETERMINANT OF THE LAPLACIAN 17

With respect to the inner product determined by v, ||by ;|| = 1, and
1bk—1,l1* = (Br—1,, be—1,0)
=\ 5k Yor.is )\_,ll5k_1bk,i>
= (Neabrais Ay d* 105 by s) (2.20)
)‘];Zb <bk Zabk’ z>

~1
)‘k K
- _1
Thus [|br—1 ;|| = A, 7. We find that

ar = [ [llorall =" HAH“ 2.21)

However, each \;1 ; is a non-zero eigenvalue of 5%d* . To see this, note that

8 d* (byi) = 6% d* (A Ly 0% brr )

= &L dFSRby
k+1,i k+1, (2.22)
= Fbyi1a
= Mot 1,005
Thus ay, = det’(6%d*)2. 0

Proposition 2.3.3. The Knudsen-Mumford map is given by

n

K(ve) = <H(det Akyzh(= )’““)h.. (2.23)

k=0

Proof. If \ is an eigenvector of 6*d* with eigenvector v, then (d*§*)d*v = Ad*v. Thus X is
also an eigenvector of d*¢* with eigenvector d*v. It follows that spec(d*6*) = spec(s¥d*).
Also, since the domains of 6*d* and d*~16*~! are orthogonal,

spec(AF) = spec(6¥d¥) U spec(dF—tok—1). (2.24)

Therefore,
det’(AF) = det’(6%d¥) det’ (6%~ 1d* 1) (2.25)
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and we obtain
n

(TLtaer akyzHen™) = (
(
(

=

(det’(5kdk) deta(ékfldkfl))fék(fl)k)

i
o

=

(det’(dkdk))_%(k(—l)k-l-(k-&-l)(—l)kﬂ)) (2.26)

b
Il
o

=

(det’ (8% k)2 (-1 >’“).

i
o

2.4 Torsion as a Metric on the Determinant Line

Suppose that each det V? is equipped with an inner product (-, -)get i Since each det V7 is a
one-dimensional real vector space, defining an inner product is equivalent to defining a norm
I lqet vi- Equip the line det V'* with the norm

n
I llaee ve = @Il geg iy - (2.27)
k=0

Let [|[|qet e (v+) e the norm on the line //*(V'*) which is induced by the norm ||[|qet ve via
the Knudsen-Mumford map. We call ||-[|qet g7+ (1+) the torsion metric.

For each i, let (-, -}y be an inner product on the space V' which induces the norm |- || 4 i On
det V. Let (-, -)ys = (-, )1+, which is the orthogonal sum of the inner products on each
Vi,

~

Using these inner products we may define the Hodge Laplacian A, with ker A* = H*(V*®)
canonically. Since each ker A’ is a vector subspace of V', it inherits the inner product (-, -}y,
which we may use to equip H'(V'*) with an inner product via the canonical isomorphism
ker A" = H'(V*). We will denote this inner product by (-, ) gyi(ys). The inner products

() tri(v-+) determines a norm on det H*(V'®), which we will denote by "Liﬁ—gﬁ(v-)' Let
Hodge Hodge
HdetH’(V' ®\ ’(detHk VoY1 (2.28)

By choosing orthonormal bases v; for V¢ and h; for H(V'*) and utilizing Proposition

we see that
n

) lp(—1)k+1 odge
I llaet ooy = ([T (det A%y sHCEDS) il (2.29)
k=0
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Remark 2.4.1. It should be noted that ( 10, (det’ Ak)%kH)’““) and |-| 7% 1+ both de-

pend on the inner products (-, -)yi, however ||| ;¢ (17+) does not.
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Chapter 3

The Milnor Metric

3.1 The Reidemeister Metric

Given a closed Riemannian manifold (M, g”*), we may consider a number of cochain com-
plexes associated to M which capture topological data. In the case where the cochain complex
is finite dimensional, we may use the Knudsen-Mumford map to obtain a torsion metric on
the cohomology determinant line. For simplicial cohomology, the associated torsion metric is
called the Reidemeister metric.

Let K be a triangulation of M, and choose some lift of K, K to the universal cover M.
Then the fundamental group 71 (M) acts on M, and thus K, by deck transformations. We may
extend this action to an action of the group ring Z (71 (M )) on the groups of simplicial cochains
with real coefficients C?(K, R). In this way, C?(K, R) may naturally be considered as a right
Z(m1(M))-module.

Given an orthogonal representation of the fundamental group p : 71 (M) — O(n), define the
p-twisted simplicial cochain complex as

CY(K,p) = C'(K,R) @, R". (3.1)

In particular, for v € m1 (M), cy®v = ¢® p(7y)v. R also has a natural left action on CH(K,R)
and a natural right action on R™, so we may consider each C*(K, p) as a real vector space,
which is finite dimensional since M is closed.

Let {a;-} be the simplicial i-cochains and let {ex} be the usual basis for R"™. Define an inner
product on C* (f( , p) by declaring elements of the form 0'; ® ey, to be orthonormal.

21
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Definition 3.1.1. The Reidemeister metric ”H(i e p) 0D det H*(K, p) is the metric ob-

tained by applying the construction in Section 2.4 to the p-twisted simplicial cochain complex.

Historically, Reidemeister considered the case when C’(f{ ,p) was acyclic. In this case, we
associate the Reidemeister metric to a real number, which we call the Reidemeister torsion.

Definition 3.1.2. If the complex C* (K, p) is acyclic, the Reidemeister torsion associated to
the representation p is defined to be

TR(M, p) = Y (det AF)2HCDT (3.2)
k=0

where A* is the restriction of the Hodge Laplacian A to the cochain group C* (f( . P)-

Remark 3.1.3. 7(M, p) actually may be defined for arbitrary simplicial complexes using the
above process. However, we are only interested in the case where M is a manifold, since
Ray-Singer torsion may only be defined for manifolds.

Initially it was not known that 7(M, p) is a topological invariant. First, in 1949 Whitehead
[Whi49] proved that 7r(M, p) is invariant under simplicial subdivisions of the triangulation
K. Later, in 1969, Kirby and Siebenmann [KS69]] proved that 7z (M, p) is a topological invari-
ant for manifolds. Finally, in 1974, Chapman [Cha74] proved that 7x(M, p) is a topological
invariant for simplicial complexes.

3.2 Homology With Local Coefficients

When considering R-torsion, we utilized the p-twisted simplicial complex. When we later
move on to defining Milnor and Ray-Singer torsion, it is far more easier to consider simpli-
cial cohomology with local coefficients, which is an equivalent construction. We will very
briefly define simplicial cohomology with local coefficients here, and then state a theorem
which establishes how simplicial cohomology with local coefficients is equivalent to p-twisted
simplicial cohomology. This section follows [Dav01, Chapter 5]

Throughout this section, assume that M is a closed manifold, however this construction works
more generally for CW-complexes.

Definition 3.2.1. A system of local coefficients on M is a fiber bundle F* — M whose fibers
F; are discrete abelian groups.
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Suppose (oF) is a triangulation of M with simplicies 0¥ : A¥ — M. Let Cy,(M, F) consist of
the formal sums
> aiof (3.3)
i

where a; € Flr() and eg = (1,0,...,0) € Ak, We will equip Cy,(M, F') with the obvious
addition operation, which turns C (M, F') into an abelian group.

Now we will describe the differential. Recall the usual face maps f% : A¥~1 — AF defined by
IR (to,t1, s tie1) = (to, ooy tm—1,0,tm, ..., tx_1). Also, for a given simplex o¥ : A¥ — M,
let v« : [0,1] — M be the continuous path o¥(¢, 1 — ¢,0, ...,0). By lifting this path, we may

-----

With these maps, we define the differential dy, : C (M, F) — Cr_1(M, F) to be

k
di(a0) = 7o(a)(o o f§) + 3 (~1)"a(o o £5). (3.4)
=1

Theorem 3.2.2 ([Dav01, Theorem 5.8]). The map d satisfies d*> = 0, and is thus a differential.
Additionally, the homology groups Hy(Ce(M, F)) equals the p-twisted simplicial homology
Hy. (M, p) for some representation p of the fundamental group 71 (M ).

A similar construction applies to cohomology. Let C* (M, I) be the set of all functions ¢ which
map a simplicial simplex o to an element c(0) € Ey (). Then C*(M, F) is an abelian group,
and a differential d* : C*(M, F) — C*+1(M, F) may be defined by

k+1

d(@)[o] = (~1)* (15 (e(doo)) + D _(~1)'e(dio) ). (5)

By [DavO0l1, Theorem 5.9], d is indeed a differential for the cochain complex C*(M, F'). We
will denote the cohomology of this complex H*(C*(M, F)).

In the above constructions we are using homology and cohomology with integral coefficients.
We may also consider simplicial chain groups with real coefficients Cy(M,R) = Cx(M) @ R.
If we do so, we may allow the fibers of F' to be real vector spaces, and define the homology
and cohomology with local real coefficients Hq (M, F'), and H®(M, F') respectively.

3.3 The Thom-Smale Complex

In this section we will define the Milnor metric, which arises as the torsion metric obtained
from the Thom-Smale complex. Milnor [Mil66] proved that the Milnor metric and the Rei-
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demeister metric agree on smooth manifolds. To prove the Cheeger-Miiller theorem for odd
dimensional manifolds, we will show that the Milnor metric and Ray-Singer metric agree on
closed odd dimensional Riemanninan manifolds. The reason the Milnor metric is preferred
over the Reidemeister metric is that the Milnor metric is better suited to the analytic approach.

Let (M, g"™) be a closed Riemannian manifold and let F' be a real vector bundle equipped
with a metric g% so that ¢*" induces a flat metric on det F. Let f : M — R be a smooth
function. Recall that the points p € M where df, = 0 are called the critical points of f. Let p
be a critical point of f, and choose local coordinates (z!, ..., ") in a neighborhood of p. Recall
that a critical point p € M is called non-degenerate if the Hessian matrix

0% f
(555) 36)

is non-singular. A Morse function is a smooth function f : M — R whose critical points are
all non-degenerate. Also recall that the index of the critical point p is the number of negative
eigenvalues of the Hessian matrix at p. The index of p is denoted ind(p).

Let V f be the gradient vector field of f with respect to the metric g. Consider the gradient

flow equation

Yo Vi @)
it~ v '
This differential equation determines a set of diffeomorphisms (¢;):cr on M. If p is a critical

point of f, define the unstable manifold of p to be
W¥p) ={z e M| lim ¢(x)=p}. (3.8)
t——o0
Similarly, define the stable manifold of p to be
W?(p) = {x € M| lim ¢(z) = p}. (3.9)
t—o0

We will make a few assumptions about our Morse function f. We will assume that V f satisfies
the Smale transversality conditions. In particular, we will assume that if p and ¢ are two
critical points of f, with p # ¢, then W*(p) and W*(q) intersect transversally. This means for
all z € W"(p) N W*4(q),

T.W*p) + TuWe(q) = T M. (3.10)

By [Sma61], for a given Morse function f, we may always choose a metric g’ ™ so that V f
satisfies the Smale transversality conditions. Furthermore, we will also assume that f is self-
indexing, which means that for all critical points x € M, f(x) = ind(z). We will also utilize
the Morse Lemma to guarantee the existence of certain coordinate neighborhoods around each
critical point which has particularly nice coordinate functions. All of these assumptions are
summed up in the following definition.
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Definition 3.3.1. The pair (¢, f) is called a generalized triangulation of M if f : M —
R is a self-indexing Morse function which satisfies the Smale transversality conditions and
in a neighborhood U, of each critical point z € M of f, we may choose local coordinates
(v, ...,y™) so that g™ is Euclidean with respect to these coordinates, and f takes the form

1 1
Fly) =ind(z) = S + -+ 90) + 5 Wi + - + 00 3.11)

We will always assume that g”™ and f are chosen so that (g7, f) is a generalized triangula-
tion.

We proceed to construct the Thom-Smale complex. If ind(y) = ind(x) — 1, it is known that
W(x) N W*(y) consists of a finite set of intergral curves, -, of the vector field —V f, with
V—oo = &, Y+00 = y and along which W*(x) and W*(y) intersect transversely. We will denote
this finite set of integral curves I'(x, y).

Fix an orientation on each W"(z), where z € B, and some z,y € B withind(y) = ind(z)—1.
Let v € I'(z,y). Note that T,,W"(y) is orthogonal to T,,W*(y), and T,,W*(y) inherits an
orientation from W*(y). Then for ¢ € (—o0, 00|, the orthogonal complement T,YLtWS (y) to
T.,,W*(y) also has a natural orientation.

Also, for t € (—o0,00), the subbundle, T#Ws(x), which is defined to be orthogonal to
—V f(y) in T,,W*(z) can be oriented in such a way that b is an oriented base of 7. vlf/W“(x)
if (—=V f(7),b) is an oriented base of T, W*(z). Since W"(x) and W#(y) are transversal
along v, for t € (—o0, 00), Tth W#(y) and T. #W“(:p) can be identified, and their orientations
can be compared. Let

+1 if the orientations are the same,
vy(z,y) = (3.12)

—1 if the orientations are different.

By [Lau92, Proposition 2, Remark 3], the unstable cells W*(x) form a cellular decomposition
of M. Therefore, we may form the cellular chain groups with real coefficients, Co(W*, R).
For any critical point z, let [IW*%(x)] C Co(W™",R) be the subspace which is spanned by
W(z) € Co(W* R).

Let F be a flat vector bundle on M, and let F'* be the dual bundle. Define
Co(W", F*) = (PIW"(2)] ®r F,

zeB

GW"F)= @ W) or F;.

zeB
ind(z)=1

(3.13)
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Note that if x € B, then the bundle F* is canonically trivialized on W*(x). If z,y € B are
such thatind(y) = ind(x) — 1,if v € I'(z, y), and if f* € F}, let 7, (f*) € F}; be the parallel
transport of f into F} along ~y with respect to the flat connection of F™.

Now we will define a boundary map. If x € B, and if f* € F;, define

oW )@ f)= > Y @)Wy @ (). (3.14)
€B

y Y€l (z,y)
ind(y)=ind(xz)—1

Extend 0 by linearity so that 9 maps C; (W™, F*) into C;_1 (W™, F™*). By [Lau92, Proposition
6], 92 = 0, so Co(W", F*) is a chain complex. Since Co(W*, F*) is a cellular complex
Hi(C*(W*, F*)) is canonically isomorphic to Hy (M, F') for all k£ by [Hat02, Theorem 2.35].

We may also consider the associated cochain complex C*(W*", F*). If z € B, let [W"(x)]* be
the line which is dual to [W*(z)]. Let (C* (W™, F), d) be the dual complex to (Ce (W™, F*), d).
Then

CW“F)= @ W) o Fa. (3.15)

€D
ind(z)=1

C*(W", F) is a cellular complex, there is also an isomorphism between Thom-Smale coho-
mology and simplicial cohomology. The following theorem is proven in [Hat02, Theorem
3.5].

Theorem 3.3.2. There is a canonical isomorphism

H*(C*(W*",F)) = H*(M,F). (3.16)

The complex C*(W*", F) is called the Thom-Smale complex.

3.4 The Milnor Metric

For each = € Cry(f), the elements [IW*(z)]* form a natual basis for C*(W*), which provides
us with an inner product (-,-)ck(yywy. Define a preferred inner product on CH(W*, F) by
(5w py = () ok ® g~

Via the Knudsen-Mumford isomorphism, det C*(W*, F') = det H*(C*(W*", F)). By the
previous section, H*(C*(W", F)) = H*®(M,F), which induces a canonical isomorphism
det H*(C*(W", F)) = det H*(M, F'). Then there is a canonical isomorphism det C*(W*, F') &
det H*(M, F).



3.4. THE MILNOR METRIC 27

Definition 3.4.1. The Milnor metric |||} 1o (M, r) On the real line det H° (M, F) is the metric
corresponding to the induced metric on det C*(W*, F') by the canonical isomorphism

det H*(M, F) = det C*(W*", F). (3.17)

Let A be the Hodge Laplacian on C*(W*, I) associated to the inner product (-, -) ok (u -
Set

n

(M, f) = (H(det’Ak)%k(_l)Hl). (3.18)

k=0
We call To((M, f) the Milnor torsion. By (2.29)

Hod,
ll36 270 oty = "M (M, )| e e (.- (3.19)
The following is proved in [Mil66, Theorem 9.3].

Theorem 3.4.2. Suppose that K is a triangulation of M. Let a representation p be chosen so
that the p-twisted cohomology is isomorphic to H*(M, F'). Then

Tr(K, p) = (M, f). (3.20)
Moreover, To(M, f) does not depend on the choice of generalized triangulation (g™, f).
By Theorem [3.4.2 the Milnor metric and Reidemeister metric agree, so the Milnor metric is a

homeomorphism invariant. In the sequeal, the Milnor torsion will still be denoted 7 (M, f)
since it will be useful to keep track of the Morse function.
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Chapter 4

The Ray-Singer Metric

In this chapter, we will define the Ray-Singer metric. Ideally, the Ray-Singer metric would
be defined by applying the Knudsen-Mumford isomorphism to the determinant line obtained
from the de Rham complex of M. However we immediately encounter a problem, since the
Knudsen-Mumford isomorphism is only defined when the underlying cochain complex consists
of finite dimensional vector spaces.

We will circumvent this problem by first defining Ray-Singer analytic torsion using the regu-
larized determinant of the Hodge Laplacian. The Ray-Singer metric is obtained by scaling the
Hodge metric on the determinant line det Hj, (M, F') by the Ray-Singer torsion.

4.1 Ray-Singer Analytic Torsion

Let (M, g™™) be a closed n-dimensional Riemannian manifold. Let ' — M be a real flat
vector bundle equipped with a smooth metric g*" which induces a flat metric on det F.

Let Q*(M, F) = @, Q' (M, F) be the space of smooth differential forms on M with values in
F. Each Q'(M, F) is the space of smooth sections of the vector bundle A*T*M ® F.

Let V¥ be the flat connection on the flat vector bundle F. Since this connection is flat, it may
be extended via the Leibniz rule to a differential d* : Q'(M, F) — QiTY(M, F).

The metric defines the Hodge star operator, * : Q¢(M, F) — Q" ¢(M, F') and provides each

29
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Q(M, F) with an inner product:

. Do) = /M<fA*g>F, 1)

where (- A -)p is determined by the usual wedge product of differential forms, and the inner
product on F'. Denote by (-, -)g.( M, r) the orthogonal sum of these inner products. The L2-
completion of each Q'(M, F') with respect to this inner product is a Hilbert space and define
the formal adjoint of d¥, 6. Define the Hodge Laplacian:

A = 5FqF + af'st. (4.2)
A is formally self-adjoint, since
(67d" +d"6")f, g)
0"d" f,g) + (d"8" f,g)
f,6%d"g) +(f,d"0" g)
f,Ag).

Furthermore, A is compact and elliptic [Ber+02, Page 19]. Thus the spectrum of A only
consists of countably many eigenvalues with finite multiplicity and exactly one accumulation
point at co. By the Hodge theorem the de Rham’s theorem,

(Af,9)

=

=
4.3)

=

=

H*(M,F) = ker A. (4.4)

As ker A is a vector subspace of °(M, F'), it inherits the inner product (-, -)ge (a7, r)- There is
an induced inner product on H®(M, F') via the above isomorphism, which in turn induces the
Hodge metric on det H*(M, F).

Let A? denote the restriction of A to Q%(M, F). If we need to specify the vector bundle F', we
will write A" to denote the restriction of A" to Qi(M, F). Let P, : Q*(M,F) — ker A’
denote the orthogonal projection to ker A*. We wish to define “det A’” One might set

det A" =TT A, (4.5)
J

where each )\; is an eigenvalue of A'. Unforunately, we encounter two problems. First, if
zero is an eigenvalue of A’ then this product evaluates to zero, which is not useful. Second,
even if zero is not an eigenvalue, this product diverges. We may avoid the first problem by
only considering non-zero eigenvalues. To get around the second problem, we will utilise zeta
function regularization.
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For s € C, let Gi(s) = 3 \cqpec(aipo A °- Gi is known as the zeta function of the operator Al
¢; is well defined for Re(s) > 0, and by [Roe98, Chapter 8] (; has a meromorphic extension
which is analytic at 0. Define the regularized determinant det’ A’ by the formula

log det’ A" = ¢/(0). (4.6)

To motivate this formula, suppose that V' is a finite dimensional real vector space with dimen-
sion m, and let L : V' — V be a linear map with strictly positive eigenvalues { Ay, ..., Ap, }.
Consider the zeta function of A, (1(s) := >_."; A; °. This is a finite sum, so it is well defined
for all s € C. Differentiating (7, we obtain

= Z —\; *log(N;). 4.7

By setting s = 0 we obtain

= ilog(/\z)
i=1
= log <ﬁ )\i)
i=1

= logdet L.

To summarize, in finite dimensions the derivative of the zeta function associated to L at O is
precisely log det L. Therefore, in infinite dimensions, it is reasonable to define the determinant
of a linear operator using the zeta function. Using this definition of the regularized determinant
of the Laplacian, we can define the Ray-Singer torsion by a familiar formula.

(4.8)

Definition 4.1.1. The Ray-Singer torsion Trs(M, F) is defined by

1 . .
5 (—1)filogdet’ A", (4.9)

2 ¢
=0

The Ray-Singer metric on the line det H® (M, F) is defined by

log Trs(M, F) =

Hod
IE HdetH‘ M,F) — =|- Ideiﬁf M,F) Trs(M, F). (4.10)

One might ask whether the Ray-Singer metric is also a topological invariant. Provided the di-
mension of M is odd, then 7rs(M, F') is independent of the metric. Ray and Singer originally
proved this for the case where F' is the associated bundle to an orthogonal representation of the
fundamental group of M, p : w1 (M) — O(m), [RS71, Theorem 2.1]. However, their proof
immediately generalizes to the case where F' is the associated bundle to any representation of
M. This is stated formally in the following theorem.
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Theorem 4.1.2. Suppose that n is odd. Then Trs(M, F) is independent of the metrics g™
and g*.

Of course we still assume that g% is chosen so that the induced metric on det F is flat.

When 7 is even, it is not generally true that 7pg(M, F') is independent of g”* and ¢g*". How-
ever, if it assumed that the vector bundle F' is obtained by an orthogonal representation of
71 (M), we have the following remarkable theorem, which was proved in [RS71, Theorem
2.3].

Theorem 4.1.3. Suppose that n is even, and F' is the associated bundle to an orthogonal

representation of m (M).

Then Trs (M, F) = 1.

An analogous result also holds for Reidemeister torsion [Mil66} Section 10]. This fact, along
with the product formula proven in the next section, led Ray and Singer to conjecture that the
Ray-Singer torsion and Reidemeister torsion were equal.

4.2 A Product Formula for the Ray-Singer Torsion

Ray and Singer proved a product formula for the case of orthogonal representations, which was
generalised by Miiller [Miil93]]. For ¢ = 1, 2, let M; be a closed oriented Riemannian manifold
and let p; : m1(M;) — GL(m;, R) be representations of the fundamental group with associated
flat bundles F),, — M;. Let h; be a metric on F),,, and let

pi : My x My — M; 4.11)

be the usual projection map. Assume M x M has the product metric on its tangent space. Note
the flat bundle p}(F),,) ® p3(F,,) — Mi x M, is the associated bundle to the representation
p1® p2 (M) x 71 (M) — GL(R™ @ R™2) = GL(m1ms, R), where we have extended
the homomorphisms p; to act on 71 (M) x 71 (Mz) as follows,

p1(g,h) = p1(9), 4.12)

and
p2(g,h) = p2(h). (4.13)
Denote by hq X hs the product metric on the bundle pj(F),) ® p3(F,,) — My x Mo.

The following theorem was originally stated in [Miil93]], however the proof was obtained by
the author by following the proof of [RS71, Theorem 2.5].
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Theorem 4.2.1. With the notation above we have the equality

log Trs (M1 x Ma,pi(Fp,) ® p5(Fp,)) = x(Ma, Fa) log Trs (M, I1) 4.14)
+ x (M1, Fy)log Trs(Ma, F3). '

Proof. Let
F = pi(Fp,) @ p5(Fp,) — My x Ma. (4.15)

Suppose w1 € QP(Mi, Fy) and we € Q9(Ms, F3) and consider the r = p + ¢ form wy A
wo, where we have lifted w; and wy to the spaces QP (M) x My, F') and Q9(M; x My, F)
respectively. It is known that such r-forms span Q" (M; x My, F). Denote by d*" the induced
differential on F'. Since the differential commutes with pullbacks,

d (w1 Awg) = (A w1) Awa + (—1)Pwy A (dF2wy). (4.16)
Also, since we have chosen the product metric on M; x Ms, we have
S (w1 Awy) = (010w1) Awy 4+ (—1)Pwr A (6%2wy). (4.17)
By the definition of the Hodge Laplacian, Af' = d'§¥ + 5% ar,
AF(w1 Awsy) = (AFlwl) Aws +wi A (AFQWQ). (4.18)

Therefore, if w; is an eigenform of AT with eigenvalue A1, and wo is an eigenform of A2
with eigenvalue Ao, then wy A wo is an eigenform of AF with eigenvalue \; 4+ Ao. Since the
forms wy A wo span Q" (M, F), we may obtain all eigenforms of A" in this way.

Let N,(A, M) and Ny (e, M2) denote the multiplicites of the eigenvalues  and . of the Lapla-
cians AF1P, AF2:4, respectively. The zeta function for A™" for s € C with Re(s) sufficiently
large is given by

Crr(s) = = Te[(AT7)75(id - PF")]

r

_Z 0 M1 <F2,r z +Z 0 M2 CFl,r j( ))+

Z > (= TONp(A Ml) g1, Ma).

A\, u#0 ptq=r

(4.19)

Now we consider the alternating sum in the definition of 7rg(M; x Ma, F'). Let n; be the
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dimension of M; and ny be the dimension of Ms. Then

> (=) rlra(s) = > (=17 (Z Ni(O,Ml)CFQ,T_i(s)>

r=0 r=0 =0
ning r
+ ) (=07 [ D N0, Ma)Cr o s(s) (4.20)
r=0 j=0
ning
Y DT DD Y (A= @) NG (A, My)Ny(p, M)
r=0 A u#0 pt+q=r

Suppose \ is a non-zero eigenvalue of AfP. Let E,(\, My) C QP(Mi, Fy) denote the
eigenspace for \. Let E, (), M;) denote the subspace of closed forms in Ej,(A, M;) and
let V,(\, M7) be the dimension of (), My). Similarly, let F(\, M) be the subspace of
E, (A, My) consisting of forms satisfying §1w = 0. Note that for any w € E, (A, M),

w=A"tANY = XY@ w + 611 d W), (4.21)

Clearly d" 61w ¢ B, (A, M) and sfrdfiw ¢ EJ (A, My). Thus Ep(X, My) is the direct
sum E}, (A, M) © E (A, Ma). The map A~1/24 also defines an isometry of EJ(\, My) onto
E},. (X, M), with inverse A=/25. Thus if if N (X, M) is the dimension of E,(, M), for
any p, then Nj(X, M1) = Np(A, M1) + N, 1 (A, My) and we get

D (=1)PNy(A, M) =0. (4.22)
p=0

It follows from the definition of the zeta function that

ni

> (=1)7Cr p(s) =0 (4.23)

p=0
for s € C with Re(s) sufficiently large. Using a similar argument we may conclude that
n2
> (1) q(s) = 0 (4.24)

q=0

once again, for s € C with Re(s) sufficiently large. Now we will separately consider the terms
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of S22 (1), (5). Note that
7:222(—1)% (2; Ni<ojM1>cF2,”<s>>
= ’mo(—1)iN,~(o,M1) i)(—l)j(jJri)CFz,j(S)
- =
_ in10<—1>fNi<ovM1> i(—l)ﬁchQ,j<s> +i_n21<—1>jc&,j<s>
— :0(_1)1'Ni(0,M1) i)(l)ijFg,j(S)) :

By the Hodge theorem, N;(0, M) is the i-th Betti number of M7, so
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) (4.25)

ning r n2
> (=1 (Z N;i(0, M1><F2,M(s>) = x(M1, 1) | Y (1) iCr(s) |- (4.26)
r=0 i=0 Jj=0
By an identical argument, we conclude that
ning T ni )
> (=1 (Z Ni(0, M2)CF1,r—z'(8)) = x(Mz, F3) (=1)5Cry 5 () (4.27)
r=0 i=0 §=0
Consider the final term in > _"2*(—1)"r(r,(s). Note that
Do > (A= @) TNy (A, Mi) Ny(p, Ma)
A\ u£0 pHg=r
ni ' ng '
= Z (_)\ - M>_S (Z(_l)ZiNi()\v Ml)) . (_l)JNj(,U«a MQ) (4.28)
A, u#0 1=0 j=0
ni ' no '
+ Y (A= (Z(—U’M(A, Ml)) (=1)75N; (1, M)
A0 i=0 §=0
Both terms on the right hand side vanish, since
ni ' no ‘
D (FDINi(A M) =Y (=1)/Nj(p, M) = 0, (4.29)

=0

J=0
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provided A, px # 0. Thus

D (—1)rCpe(s) = x(Ma, Fy) Z(_l)ijFlJ(S)
=0 =0 (4.30)
+x (M, Fy) [ D (1) 3¢ 4(s)
5=0

Of course, the zeta functions here are only defined for s € C with Re(s) sufficiently large.
However, as discussed before, we may analytically continue them to meromorphic extensions
which are analytic at s = 0. Thus by taking the derivative with respect to s at s = 0 we obtain

ninz ni

D (=177, (0) = X(Ma, Fo) [ Y (=1)75¢ ;(0)
= Jn :20 @31
+ XMy, Fa) D (=15, 40 |
j=0
which implies the claim. O

4.3 A Quasi-Isomorphism

In this section, we present a quasi-isomorphism between the de Rham and Thom-Smale cochain
complexes, which was defined in [Lau92].

Let (¢7™ | f) be a generalized triangulation of M. By [Lau92], for each = € Cr(f), Wu(z) is
a submanifold with conical simplicialities, and thus integration over W*(z) is well defined.

Definition 4.3.1. Let P, : Q*(M, F) — C*(W", F) be defined by

Pow= Y W')'® / . (4.32)
2eCr(f) W (z)
The following proposition was proven in [Lau92|, Proposition 7].

Proposition 4.3.2. P, is a quasi-isomorphism, that is, the induced map P}, : H3,(M,F) —
H*(C*(W", F)) is an isomorphism.



Chapter 5

The Witten Laplacian

5.1 The Witten Deformation

Henceforth M is assumed to be odd dimensional, so we can choose the metrics freely without
affecting the Ray-Singer torsion. Since the Milnor metric is independent of the choice of Morse
function f, we will assume that (g7, f) is a generalized triangulation of M.

Let dI' = e7tfd"etf and 6] = et/ 6" e~t/. Then 6! is the formal adjoint of df” with respect
to the inner product on Q° (M, F'),

(o, B) = /M<a A *B)p. 5.1

Define Ay, = df'6F" + 6F'dl’. The operator Ay, was introduced by Witten [Wit82] and is
known as the Witten Laplacian. Denote by A;}}t the restriction of As; to Q'(M,F). Let
Trs(f,t) be the Ray-Singer torsion as before, however we replace the Hodge Laplacian A
with the Witten Laplacian A ;.

It turns out that Trs(f,t) agrees with Trg(M, F'). To see this, we will show that Trs(f, 1)
is actually the Ray-Singer torsion computed with a particular metric, and then conclude by
considering the metric independence of the Ray-Singer torsion.

We will now conformally scale the metric on F'. For ¢t > 0, let gtF be the smooth metric on F’

defined as
gf =eMg". (5.2)
Using g7™ and gf", we may define another inner product on Q*(M, F), (-, Dae (M) Let

/¥ be the adjoint of d” with respect to the inner product (-, ")e(M,F),t- Then we see that s

37
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satisfies the formula
oF = 2/ §F =2 (5.3)

Let A, = d* 67 +67F d*" be the Hodge Laplacian associated to the inner product (-, -)ge (a7, ) +-
Then

Apy =dfof +oFdl
_ U gF T §F o=t | ot §F o= 28 gF ot f
_ ot (F 2 §F o2 | 20 §F o2 gF ) ot f
= efth/f’tetf
When computing the determinant, et/ cancels e'f, so for each ¢, det’ A‘},t = det’ A}q,t. Thus
Trs(f,t) is equal to Trs (M, F'). In particular,

5.4

Hod
K HdetH' ) = | !deifﬁ M,F) Trs(f, 1) (5.5)

To conclude this section, we will expand the Witten Laplacian to obtain a formula in terms of
Aandt. Letw € Q*(M). Then
diw = et detfw

= e_tf(etfdw + tetldf A w) (5.6)

= (d + tdf Nw.
Thus for any wy,we € Q*(M, F),

(drw1, w2) = (w1, dywa)

= (w1, dwa) + (w1, tdf A wa) 5.7)
= (dw1,wa) + (tey pwi, wa)
= ((6 + tevf)wi, wa),

where we have used the fact that 1x = (X A)* for any vector field X. We have 6; = 0 + tiyy
and

Ay = diby + 6,d,
= (d+tdf A\) (S + tegy) + (0 + tewp)(d + tdf A)
=dd +tdf NS+ tdigy + 2df Avgy + dd + tugpd + t5df A +H2eg pdf A
= (d§ + 6d) + (df A (vvy) + v p(df A))
+t((vwpd + deyy) + (df NS+ 5dfAN)) (5.8)
= A+ 2(df A (vwg) + vop(df ) + H(Lyy + L))
= A+ th+t2(df A (ewy) + (ewpdf) — df A (evy))
= A +th+ Py df
= A+ th+t*||df|,
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where h = Ly + LY s> and Ly s is the Lie derivative with respect to V f.

5.2 The Spectrum of the Witten Laplacian

In this section, we will prove the spectral gap theorem, which will allow us to factorize the
Ray-Singer torsion. Here we follow [Bur+96, Section 5].

Forn > 1, k € R, let by, : R™ — R be the smooth function defined by
1< 1 &
hi(z) =k — §Zymi\2+§ ‘Z |2 2. (5.9)
i=1 i=k+1
Then hy, is a self-indexing Morse function with one critical point of index k at z = 0.

Let A7 : QI(R") — QI(R") be the Laplacian on g-forms on R™ and let A} , be the Witten
Laplacian associated to hy. By [BZ92, Proposition 8.2], A;]Lk , takes the form

Al =AY Pla — t(n — 2k) + 2N, = N ) (5.10)
where NV ; ;. 1s defined by
N (daiy A= Ndwg,) = [{G 1k +1 <y <nplde, A--- Ada, (5.11)

and N, = qid =N
Fort € R, let w,; € Q9(R™) be the Gaussian ¢-form defined by
wet(z) = (t/ﬂ)"/ﬁ‘e*t'“”ﬁﬂdml A ANdxg. (5.12)

For 1 > 0, let v;; : R — [0, 1] be a smooth function so that v,(z) = 1 for z € (—00,7/2) and
vn(y) = 0 for y € (n,00). For some € > 0, which will be chosen later, let ¢, ; € Q¢(R™) be
defined by

Ya(x) = [|vell))wqllgoggnve(|2])wae (@) (5.13)

Now suppose that F is a flat vector bundle over R equipped with a Euclidean metric g*". We
may consider A?Lk , to be an operator acting on 29(R", F') by letting it act trivially on F'. The
following proposition is proved in [Bur+96, Section 5, (HO1), (HO3)].

Proposition 5.2.1. The operators A‘}Lk’t are non-negative, self-adjoint, elliptic operators with
the following two properties.
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1. spec(A}, ) is discrete and contained in 2tZ:>o.

2. If {v1,...,um} is an orthonormal basis of F, then wyi; = wqt @ v; forms a basis for
q — : : q
ker A host and Pyt = gt @ v; is an orthonormal basis for a subspace of ker A host

The following estimates are also needed to prove the spectral gap theorem.

Proposition 5.2.2. There exists constants Cy, C,tg > 0 which depend on € so that for any
zeR"?
A% Wari()] < Coe™ ", (5.14)

fort >0,
<A%k7t¢q,t,i7 VYati)Qarn,Fy = 2tlg — k|, (5.15)

and for w € QI(R", F') with compact support orthogonal to the subspace generated by g ;,
<Azq7tw,w>QQ(Rn7F) > Ct||w||52)q(Rn7F). (5.16)
Proof. First, notice that
(N;k — N )(dzy A Ndg) = ngpday A+ A dag (5.17)
where ng, = —qif k > gand ngr = ¢ — 2k if k < ¢. Thus, since A = — 7" | 92
(A + 2[z]? — t(n — 2k) + 2tng g )e 2 = 2t|q — k|e~ /2, (5.18)

Also,

Awe(le))e1/2) = e LA W (|al) = 23 Orvel|a])Dg,e 1/
=1

(5.19)
+ ve(la)) A(e ).
To prove the first estimate set k = ¢ and conclude from (5.18)), (5.19)) that
(A + 2l = t(n — 2k) + 2ingq) (ve(|z)e~1T/2)]
" _tlzl? " _tlzl?
< ‘ - 2;8mi(’/e($|)e tlel /2)’ * ‘ B 282(%(’3«“‘))6 1 /2‘ (5.20)

n—1 .. _
o 2 (] le 2

||

. _ 2 .
< |ze(fal)[2¢|zle™ T2 4 lir(Ja)
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where 7 (t) = %ue(t) and 7 (t) = %ue (t). Since the support of both . and i, are contained

in [¢/2, €], we may conclude that

—t|z[?
(A 2Jaf? — t(n — 2k) + 2tng q) (ve(|2)e T /2)]

_ 5.21
< (Hve”LOO (2€te—t62/16 + 2” 1e—t52/16) + ||ﬁeHLooe_t€2/16>€_t€2/16. ( )
€
Now, to estimate 3(t), notice that for to := (2/¢)?, one obtains for t > tg,
1
/ VE(\$|)2e_t|m|2daz > / e P dy > C'/t_”/2/ e ¥ 5" ds. (5.22)
n |z]<e/2 0

Combining (5.21)) and (5.22]), we conclude that there exists C' > 0 so that for ¢ > to,

~1
n—) - ||;761\Loo}t—"/2e—t€2/16. (5.23)

. _te2
A8, tbail@)] < O[] coe (2ete™10 4 22

From this, we obtain the first estimate.

To prove the second estimate, we integrate by parts to obtain

et e = 3 [ 02 o
n i=1 /R
= Z/ (a:r:ﬂ/e)2€_t‘x|2d$ (524)
N Z/ 81/E e—t|x\2/2)e—t\x|2/2dx
s axz '

By combining (5.19) and (5.24) we obtain

A(Vee_t|$|2/2)Vee_t|z‘2/2d:n
R”
n (5.25)

:/ (Z(ﬁﬂuﬁ)%*tlw\z _|_V?A(e*t|x|2/2)€7t\x|2/2)dx.

i=1
By combining (5.18) and (5.25)) we obtain

/ (A + 2[x]? — t(n — 2k) + 2tng i) (vee 72) - (vee™ 1P 12y

- / (2t|q — ket 4 Z(axiug)“‘e*tw)dx (5.26)
Rm i=1

> 2t|q — k| (Ve)Qe_thdx.
R’I’L
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By taking into account the normalization factor 5(¢), we obtain

fRn(A + 2]x]? — t(n — 2k) + 2tnq,q)(l/€e_t"”|2/2) . (Vee_t|x‘2/2)daz

q , , _
(A i¥atis Vati)oan p) = Jra (ve)2e— 1 da

(5.27)
which proves the second estimate.

To prove the final estimate, it suffices to consider w € Q?(R", F') of the form w = ¢dz;, A
- Ndx;, ® v withv € F'and ¢ € C>°(R",R) with compact support. We need to show that
there exists ¢y and Cj so that for any ¢ € C°°(R", R) with compact support satisfying

(@ )ve(|z])e 1 2dz = 0, (5.28)
R’ﬂ
the following estimate holds
/ (A + t?|z|* — tn)p(x)dx > Cot | |¢(x)|*d. (5.29)
n Rn

To prove this, consider the function ¢o = ¢ — ¢1, where

e d(x)e 1717 /2dy

5.30
Jare Tz 30

¢1(x)

s0 ¢ is the orthogonal projection of ¢ onto e~ #7*/2. Then (A + 2|z|2 — tn)¢, = 0, and
due to the properties of the spectrum of the Witten Laplacian, spec(A + ¢2|x|? — tn) C tZ>o.
Hence

‘ /n(A a2 - tn)¢(m)2dm‘ > ‘ /n(A 2 - tn)qﬁg(x)Qdaz‘
> t/Rny@(x)de (5.31)

o [ ota)Pde = [ or(o)Pd).

It remains to calculate an estimate for [, |¢1(z)|*dz = | [, pet171*/2dz|2. By the Cauchy-
Schwarz inequality and the fact that

b(2)ve(|z|)e 1?2z = o, (5.32)
R’ﬂ
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we conclude that

R e T I O A e
Rn Rn

(5.33)
< !Gﬁ(ﬂf)lzdx/ (1 = ve(|a])?e " da.
Rn Rn
Also, with t > (2/€)? and t > t,
2 —t|z|? —tol|z|? —n/2 > —s2 n—1
(1 —ve(|z]))%e dr < e o < Ot e ¥ 5" ds. (5.34)
" lz[<5 1
Using (5.34), we may choose tg > (2/€)? sufficiently large so that
/ (1= ve(|z])2e 1 < 1/2. (5.35)
Then by combining (5.3T)), (5.33)), and (5.33) we see that for ¢ > o,
t
/ (A + Pl — tn)p(a)de > § / 6(x)2da (5.36)
n Rn
which concludes the proof. O

Before we continue, we will identify a sufficiently small neighborhood of each critical point
x € Cr(f) with an open ball in R”, so we may utilize Theorem in the setting of a general
manifold M with a real vector bundle F'.

For all g, choose an ¢ > 0 sufficiently small so that for each z € Cr,(f), BM (x,4¢) are
pairwise disjoint and BM (x,3€) C Uy, where U, is the neighborhood described in Definition
For each z € U,, we will identify the fibers I, and [ by parallel transport. Fix once
and for all a basis for each fiber F,. Then we can naturally identify forms w € Q%(M, F')
with support in U, with forms in Q4(R"™, F'). In this way, each ,,; € QI(R", F') can be
identified with a differential form v, ;; € Q4(M, F'). The forms ), ;; are orthonormal, and
satisfy Theorem[5.2.2]

Now we are ready to prove the spectral gap theorem.
Theorem 5.2.3. There exist constants C1,Co,ty > 0 so that fort > tgand 0 < q < n,

spec(A%,) C [0, e~ 11 U [Cot, o0).

Proof. Each A% is non-negative, so it suffices to show that spec(A% ;) N (e7t, Cyt) = .
The proof is completed in two steps.
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In the first step, we will prove that there exists some constants tg, C7, Cy > 0 so that for each
t > to there exists a pair of orthogonal closed subspaces of the L? completion of Q9(M, F),
W1 and Wy with Wy C Q4(M, F'), which satisfy the following properties:

1. Win Wy =0.
2. Wi+ Wy = Qq(M,F).
3. <A;7tw,w>gq(M’F) < et (w,w)qe(a,F) forallw € Wy,

4. (Aqﬁtw,wmq(M’F) > Cot{w, w)qe(u,r) forallw € Wo N QI(M, F).

Then in the second step, we will prove the claim by contradiction using the results in the first
step.

We will start by proving the first step. Define W; to be the subspace generated by the forms
Yz € QI(M, F), and define W5 to be the orthogonal complement of W; in Q9(M, F'). By
construction, the first two properties are satisfied.

W1 consists of g-forms of the form Zi,xe pa Oz,t,iVzti Where ag;; : M — R is a smooth
function. By choosing a sufficiently small neighborhood of each critical point z € Cry(f),
U, with appropriate local coordinates, A;’ct coincides with A%q , acting on Q4(R", I') when
restricted to Uy. So A%, is C*°(M, R)-linear, and we may use Proposition to obtain an
estimate. By choosing C, C,t; > 0 as in Proposition[5.2.2] we obtain for ¢ > 1,

(A 0, Whaa(arr) = Z(am,t,iﬂgc,t%,t,i, Az, t,i¥ i) Qa (M, F)
2,2

< ZH%,t,ngZw(M,F)HA%t%,t,i la (s, 7y 1V il Qe (a7
i (5.37)

< Czuax,t,i

1,x

|2 e—tcl
QO(M,F)

—ic
< CHWHSQM(M,F)e o

By choosing a sufficiently large ¢y > 1, we have for ¢t > %,

<A(J]‘,tw>w>ﬂq(M,F) < HWH?)q(MF)e_tCl = <w,w>gq(M,F)e_tcl. (5.38)

Now we need to prove the fourth property. For any critical point x with a sufficiently small
neighborhood U,, we will denote by x; : M — R a smooth bump function with support in
U, defined by v, and define x = > _pxs. Forw € Wo N QI(M, F), define w1 = yw
and wy = (1 — x)w. Observe that by the construction of the forms v, ; ;, the support of wo
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is disjoint with the support of any element in Wj. Therefore, both w; and wy are elements of
W2 N QI(M, F). Since A% | is self adjoint,

<A(]Zc,tw7w>m(M,F) = <A(},twlvw1>ﬂq(M,F) (5.39)
+ 2(A% w1, w2)qa(ar,r) + (AF w2, w2)Qa(a,F)- '

We will show that there exist positive constants ¢y, K1, K3, K3, K4 depending only on M, F'
and e so that forw € Wy N Q4(M, F') and t > ¢, the following estimates hold:

(A% jwa,wa)qa(ar,r) > (Alws, wa)o(ar,r) + K1t |walldaar ) — Kotllwalldaar py, (5.40)

(A w1, w1)Qa(arr) > K3t||w1||?2q(M7F), (5.41)
<A;1f7tw1,W1>QQ(M,F) > <Aqw1,w1>gq(M,F) — KQt”W]_H?)q(M’F), (5.42)

and for any o > 0,

(A w1, w2) s,y > —Ka(1+ a2 ([lwrlfarry + lw2lldaarr)

9 9 (5.43)
— Ko™ (A%ws, wa)qa(ar,ry — Kaa” (Awr, wi)aa(ar, )

Recall that
A%y = AT+ t(Lq+ LY + IV Eaar - (5.44)

To prove li choose K1 = inf,eppy, v, V() and Ko =Y 01 (Lq + L) oa(n,F)-
The estimate then follows from (5.44).

To prove (5.41), we may note that the support of w; is contained in | J, U, and w; is orthogonal
to each 1) ; ;. Then (5.41) follows from Proposition by setting K3 = Cj.

(5-42)) immediately follows from (5.44).

To prove (5.43), note that
[((Lq + Lo)wr,wa)aam,r) < Kol(wi,w2)aan,r)| = Ka|(wi, w2)aa(ar,7)l (5.45)
and using the fact that the support of ws is disjoint with the neighborhoods Uy,
(IV fPwi, wa)aa(ar,ry = Ki(x(1 = X)w,w)ae(ar, ) = 0 (5.46)
Then conclude that
(AT w1, w2)0ar, ;) = (Afwi, wa)ae(ar, ) + H{(Lq + L3)w1, wa)au (1, F) (5.47)

+ t2(|V fPwi, wa)qa(mr, F)
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may be used to estimate
(A w1, w2)qo(ar,r) > (Alwr,wa)qoar,ry + (K1t — Kot) (w1, w2)qear,ry. (5:48)
Since (w, w)qa(ar,F) is real and nonnegative, for t > Ko /K
(A% w1, wa)oa(mr,ry = (ATwr,wa)au (i, F)- (5.49)

Hence 1i follows from the fact that 2(Hw1||?2q(M T |w2\|?2q(M F)) > ||wH?)q(M ) and the
following proposition. We claim that there exists a positive constant K4 > 0 so that for any
a >0,

(A, waanqor.ry = —Ka(l 0™ lGor, ) = Kao® (M, wadanonry o o
— K4 (A%, W1)Qa(M,F)- |

To prove (5.50)), recall that A? = d9=1§971 4 §9d9, wy = yw, and wa = (1 — x)w. Also recall
that 0971 = —(—1)matntl 4, 11 d""9x,, where *; denotes the Hodge star operator acting
on k-forms. Then
(A%wy, wa)qe(mr,Fy = (dwi, dw2)qa(ar, ) + (d * w1, d * wa)qa(ar,F)
> A+ B — [ldx A WH?N(M,F) = [ldx A *WH?N(M,F) (5.51)
+ (xdw, (1 = x)dw)qa(ar,r) + (xd * w, (1 = X)d * W)qa(ar, 7).
where
A= (dx A w,u(l = X)dw)aaa,r) + (dX A xw, u(l — x)d * W), F)»

(5.52)
B = —(xdw,udx N w)qan,ry — (Xd * w, udx N *w)qa(ar,F)

and v is the characteristic function of M \ supp x. Since (xdw, (1 — x)dw)qa(ar,r) and (xd *
w, (1 = x)d * w)qa(ar,F) are real and nonnegative,

(A%, wa)urry > A+ B = [ldx Awldaqarr) — X A #9080 (a1, - (5.53)

Consider the constant K5 = sup; <<y, || Hkl|qa(ar, ), Where Hy, QF (M, F) — QF1(M, F)
is the left exterior multiplication by dx. Note that || Hy | qa(ar,7) = | HjllQa(ar,7)> Where H;
is the adjoint of Hy, and ||w||qs(ar,r) = I|*wllqa(ar, ). Then

|A] < Ks||lwllqaar, 7y (I(1 = X)dwllqaar,ry + [[(1 = x)d * wllqa(ar, 7))
< Ksl|wlla(ar,ry (l[dw2ll0a(ar,ry + ldX A wllaaar,ry + [1d * w2lgaar,F)
+ [ldx A swllga(ar,r)) (5.54)
< Ksllwllaaar,py(ldw2llQaar, py + [1d * w2lqaar,ry + 2K5]|wllqaar,F))

1/2
< V2K wllqs(ar,r) (D%, w2 gpatag py + 2KEIN9 B ar -
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Thus, for any o > 0, using the inequality bc < (b/a)? + (ac)? where b, ¢ € R,
Al < K3 + Ksa™?)||wll§a(ar, iy + o (A%2, w2) qa(ar, ) (5.55)
An almost identical calculation yields
|B| < (2K3 + Ksa ™) |[wllfa(ar.p) + 0 (A%w1, w1)qa(ar,m)- (5.56)
Noting that A > —|A| and B > —|B|,
(A%wr,w2)a(nr,ry > A+ B — [ldx A WHSZM(M,F) — [ldx A *wH?zq(M,F)
2 A+B_2K52”w||?2Q(M,F) (5.57)
> —2(2K3 + Kz ?)||wllB(ar ) — @ (A%w1,w1) s (ar,m) '
— o*(A%wg, wa)qu(arF) — 2K52HW||?2¢1(M,F)'
By choosing K sufficiently large we obtain the desired estimate (5.50), and thus (5.43).

To finish the first step, we will prove the fourth property given the estimates (5.40), (5.41)),

(5-42)), and (5.43). For any 0 < ~ < 1, multiply (5.41)) by 1 —  and multiply (5.42) by ~, and
then add them to obtain

<A§,tw17w1>ﬂq(M,F) > (1—7)<Aqw1>w1>Qq(M,F)+t(’YK3—(1—’7)K2)HW1H?zq(M,F)- (5.58)
Combine (5.58) with (5.43), (5.40), and (5.39) to obtain for 0 < v < 1, a > 0,

(A wi,wi)aaarry > (1= 2K40%) (A%ws, wodaa(arry + (1 — 7 — 2K40%) (A%wr, i) oa(ar,r)
+ (K t? — Kot — 2K4(1 + 04_2))”(")2”?2‘1(M,F)
+ (t(yKa — (1 = ) K2)) = 2K4(1 + ) w1 [|daar -

(5.59)
Proceed by choosing 0 < v < 1 so that Cg := 7K3 — (1 — v) K3 > 0. Then choose a > 0
sufficiently small so that 1 — v — 2C,a? > 0. We obtain

(A% w,w)qu(a,F) > (K t* — Kot — 4K4(1 + a’z))HwQHS%q(MF)

- (5.60)
+ (tKg — 4K4(1 4 o 2))HW1H?)«1(M,F)-

If necessary, we may alter our constants K, Ko, K3, K4, so the inequality QHWIH?N o)t
2||w2H52]q(M Py 2 Hw||?2q(M ) can be used to obtain for some C3 > 0
(A% w,whaary > (K1t — Kot — 4K4(1 + a72))|[wallde(ar.m)
+ (tKe — 4K4(1+ = 2)) w12 ar ) (5.61)

> Cot(w, w)aa(m,F)-
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This establishes the fourth property.

Now we will move on to the second step. Assume for the purposes of obtaining a contradiction
that there exists some 0 < ¢ < n,t > tp and some € R so that u € spec A?rt N (e‘tC1 , Cat).
Then there exists a sequence (u;) = (u;)icz., of unit eigenfunctions u; € Q9(M, F') which
satisfies

| =

1A% ui — puillgaar,ry < = (5.62)

~

Since QI(M,F) C Q4(M,F) = Wi + Ws, for each u; there exists some v; € Wp and
w; € Wy so that u; = v; + w;. Moreover, since each u; € Q4(M, F'), we may choose the
functions w; so that w; € Wo N Q(M, F'). Then, since A(ch , is self-adjoint,

(A% jui, vi)aa(u,ry = (A% vivi)aarr) + (Wis AS Vi) 0a (i, F)s (5.63)
(A% juis wi)ga(ar,ry = (A vis wi)qa(ar ) + (Wiy A jwi)ga(ar,ry- (5.64)
Also,
/’[’HUlH?Z‘I(M,F) = <MUZ,’U1>Qq(M7F) (5 65)
= (A7 i, vi)a(ar,py — (AT i — pti, vi)a(a,p) '
pllwillfyaar, )y = (i, wi)qaar, ) (5.66)
= <A32tuiawi>m(M,F) - <A3‘,tui — [, W) Qa (M, F)- ‘
Then,
pllvillGaar ) = (AF yvis vidas(arpy + (A% ui = pts, vi)aaar, ) (5.67)
= (wi, AT Vi) qa(a,F).s '
and similarly,
pllwill Qe ar,py — (A% gwis wid s (ar, ) + (A% s = i, widaa(ar, ) (5.68)
= (A% vi, wi) Qa(a,F)- .
Note that (w;, A;]‘7tvi>Qq(M,F) = <A‘ch7tvi, w;)Qa(a, )~ Therefore,
quiH%q(M,F) - <A31c7t'l)7;,vi>gq(M,F) = —(A‘}’tui — WU, U — W) Qa (M, F) (5.69)
+ MHwi”?}q(M,F) - <A3‘7twi7wi>§2q(M,F)’
Using
(AT 01 vi)u(arpy < € Hvi, vi)u(ar ) (5.70)

94 o s > A
t ’ - )
<Af, wz,wlmq(M F) 02t<w“wl>gq(M F)) (571)



5.2. THE SPECTRUM OF THE WITTEN LAPLACIAN 49

||w2H?ZQ(M7F) = 1 - HUZH?]Q(M’F) S 1, and
1
HA?,t“i — puilla(ar,ry < 7 (5.72)

we obtain

(]

(1 = e N illgearpy < = + (1= Cot) (L = l[villga(ar,r))- (5.73)

~

Without a loss of generality, we may assume that lim;_,o||v; |3, (MF) = 22 exists. Then
2? < 1 and

(1 — etz < (u— Cot)(1 — z2). (5.74)
Note that (11— e *¢1) > 0, (u—Cat)(1—22%) < 0, and both (p1—e7*1) and (p— Cat) (1 —22)
cannot be simultaneously 0, which is a contradiction. O

Using Theorem we may factorize the Ray-Singer torsion into small and large compo-
nents.

For ¢ sufficiently large, let Qg ¢ = Qo (M, F) C Q°(M, F') be the subspace spanned by
eigenforms of A, with eigenvalues in spec(Af;)N[0, 1]. Similarly, let €, ; = Q0 (M, F) C
2*(M, F') be the subspace spanned by eigenforms of Ay, with eigenvalues in [1,00). Both
Q4+ and Qg ¢ inherit the inner product (-, -) e (a7,). We will also denote by Py, ¢+ Q° (M, F') —
Qg+ the orthogonal projection with respect to (-, ->Q.( M,F)> and define Py, ; = id — Py .

Let Ay, 7.+ denote the restriction of A g to Q4 ¢, and let Ay, ¢, denote the restriction of Ay,
to Qla t-

For each ¢, let Q. ; = Qe N QI(M, F) and Qf, , = Quqp N QI(M, F). Finally, let AL .

q

denote the restriction of A, 7 to ng,t and let Alq% it denote the restriction of Ayq ¢ to €2 it

Let Trs1a(f,t) and Trs ¢m (f,t) denote the Ray-Singer torsion computed with the determi-
nant of Ay, gy and Agp, 1, respectively. Since for each g, spec(A%,) = spec(A, ;) U
spec(Agm, 1,t), we have

Trs = TrRS(f,1) = TrRS1a(f, 1) TRS,sm (f, 1)- (5.75)

Thus we may treat Trg sm (f,t) and Trgq(f,t) separately, which we will do in subsequent
chapters.
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Chapter 6

Asymptotic Expansion of the Small
Eigenvalues

The purpose of this chapter is to establish the following theorem.

Theorem 6.0.1. Suppose that the pair (g"M |, f) is a generalized triangulation. Then ast — oo
we have

Hod
5 ‘dei[gf(MF TRS,sm ([ 1)

1
= —trank(F) T[] + =¥/ (F) log <t> +0(1), (6.1)
(B[ H*(M,F) 2 7T

where Trg ™ [f] = 3 oy (- 1)@ f () and ¥/ (F) = rank(F) 3 e (—1) 4@ ind(2).

Note that since we assumed f to be self indexing, rank(F' Trscr(f )[f] = X'(F). From Theorem
g
@ we obtain the following corollary.

Corollary 6.0.2. Ast — oo,

28 . t

log TR0/ £) = log Lo H LE) ok (FY RSO [f] — L¢/(F) log <)+0<1>.
H HdetH’(MF) 2" &

(6.2)

Proof. Since Trs(M, F) = 7rs1a(f,t)TRS,sm(f,1), log Trs (M, F') = log Trssm(f,t) +
log Trs 1a(f,t), we have that

Hod
log H HdetH' (M,F) ‘ ’deigf M,F) TRS7sm(f7 t)

+log Trsa(f, 1)- (6.3)
H ”detH' M,F) H'HdetH'(M,F)
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Then adding log Trs,14( f, t) to both sides of (6.1) gives

11865 #re o,

log = log Trsja(f, 1) — t rank(F) TrS™ D[]

H ”detH'(MF (6.4)

+ 5V 0g (L) +00)

[\

Rearranging (6.4) gives (6.2). O

Remark 6.0.3. Theorem|6.0.1|was originally proven in [BZ92, Theorem 7.6] using the results
of Helffer and Sjostrand [HS84], [HS85b], [HS85a], [HS85c¢|, and instantons. Later Bismut
and Zhang proved Theorem[6.0.1]for the G-equivariant case while avoiding using instantons in
[BZ94]. We will take the latter approach while assuming G = {1} and adjusting our notation
accordingly.

6.1 An Isometry From the Morse Complex to the de Rham Com-
plex

Recall that M is a closed Riemannian manifold manifold of odd dimension and F' — M is
a real flat vector bundle. Also, g7 and ¢ are metrics on M and F so that g*" induces a
flat metric on det F'. Finally, recall that g and g” induce the inner product (-, -) Qe(M,F) On
Q°(M, F). Additionally, recall that f : M — R is a smooth function.

Definition 6.1.1. The Dirac operator is defined by
D =d" +47, (6.5)
and the deformed Dirac operator is defined by
Dyy=df +6f. (6.6)

Note that D? = A and th = Ay

Let z € Crp(f). For any € > 0, let BM(z,¢) be the ball of radius ¢ centered at x € M,
where the distance function is determined by g”*. Note that for some € > 0 small enough,
BM(z,¢) C U,, so we may use the preferred coordinates described in Definition We
will also choose € > 0 small enough so the results of Chapter 5 apply.
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Note that R* =2 T, WW*(z) inherits an orientation from the orientation of W*(x). Let p, be
the volume form on 7,,W*(x). Without a loss of generality assume that the coordinate chart
(y',...,y™) is chosen so that

Pz =dyt A AdyF. 6.7)

Let 4 : M — R be a bump function so that u(y) = 1 for y € B (z,¢/2) and so that p
vanishes outside of B (z, €).

Set
o = /M 42 (y) exp(—t dist(z, y)?)w, (6.8)

where w is the volume form determined by the metric g7 and dist is the distance function
determined by the metric g7, In the case where M is not orientable, we may still perform
this integration by utilising densities.

As we will see, oy is a normalization factor which will ensure that the map we define next is
an isometry.

Since a is the integral of a Gaussian function multiplied by the bump function j2, there exists
some ¢ > 0 so that as ¢t — oo,

. n/2

o = (t> +O(e™ ). (6.9)
Definition 6.1.2. For z € B, t > 0, let .J; be the linear map from C'*(W*", F') into Q°*(M, F)
such thatif x € B, h € F,,y € BM(x,¢),

1(y) —t dist(z, y)?
(at>1/2 exp < 5

HOW" ()" © h)(y) = Joscot (6.10)
Proposition 6.1.3. J; is an isometry from C*(W*", F) into Q°*(M, F) which preserves the
Z-grading.

Proof. If © € Cry, W%(z)* € CY(W¥, F) and p, € QI(M, F), by definition J,(W"(z)* ®
h) € Q4(M, F). So J; preserves the Z-grading.

To show that J; is an isometry, recall that the inner product on C*(W*", F') is determined
by the elements W"(z)* € C?(W™"), where x € Cr(f), and the metric on F. Suppose
that z1,z9 € Cr(f) so that 1 # zo and let uq, uo be the bump functions associated to
BM(z1,€e1/2) and BM (x5, ¢/2) respectively. Then the support of 1 and s are disjoint,
since the sets BM (21, €1/2), BM (2, €2/2) were assumed to be disjoint. Therefore

(J}(W*(z1)* @ hy), J}(W*(z2)* @ h2)>Q'(M,F) =0 (6.11)
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for any hy, ho € F.

Now suppose x € Cr(f), and h € F so that h is a unit vector. Then

(W™ @) @ B)Ie ar.p

< e (), ) o () )

exp —tdist(z,y)?)w
= / 12 (y) exp(—t dist(z, y)*)w

Il
\'—‘\\

= =1.
ay
(6.12)
So J; maps the orthonormal basis of C*(W™, F') to orthonormal vectors in Q°*(M, F). O
Definition 6.1.4. Let &, : C*(W", F') — Qg+ be given by
€t = PsmJt. (6.13)

We may intuitively consider é; to be the isometry J; whose codomain has been restricted to
the eigenspace spanned by eigenforms corresponding to small eigenvalues of Ay;. We will
eventually show that for sufficiently large ¢, the map e?/ &, is actually an isometric isomorphism
which preserves the Z-grading. To do so, we need the following theorem.

Theorem 6.1.5. There exists ¢ > 0 such that as t — +o0, for any s € C*(W", F),

1€ — Jt)sllaear,ry = O(e™ I8l os (W, ) (6.14)

uniformly on M.

Proof. 1t sufficies to consider the case where s = W"(z)* ® h where z € B, h € F,. Note
Isllceqw,py = 17, Set
Jioh = (W (z)" @ h). (6.15)

Let S be the oriented circle of center 0 and radius 1/2 in C. By Proposition [5.2.3] for ¢ > 0
large enough, for each A € spec(Agy, 1) we have that [A| < % So we may consider the Riesz
projector:

1

A— A ) LA 6.16
i S( ) (6.16)

sm,t —
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Also, if A € C*, then

(A —Afy) Jeaht _ Jiwh = —W, (6.17)
SO
thh — A =Ap ) M ih = —(A—Af,t)—lw. (6.18)
Since p(y) = 1 fory € BM(x,€/2), by [BZ92, Proposition 8.3]
(AgiJiah)(y) =0 (6.19)

fory € BM(x,¢/2).

For p > 0, let LP2 be the p-th Sobolev space of sections of Q2*(M, F') over M equipped with
the Sobolev norm ||-||z».2. Using (6.19), for any p > 0, there is some ¢ > 0 such that as
t — 400,

1As el Loz = O I f | . (6.20)

Now take ¢ > 1. Since A is elliptic, by elliptic regularity there exists C; > 0 so that if
s € Q*(M, F), then

sl r202 < C1([[As][20-22 + ||s]| po.2). (6.21)
By expanding the Witten Laplacian we see that
Apy = A+t[D, (V)] + 2|V (6.22)

The principal symbol of D anticommutes with ¢(V f), so [D, é(V f)] is an even operator of
order 0. Using (6.22)), there exists Cy > 0 such that for A € S, ¢t > 1, s € Q*(M, F),

I = Ape+ A)sllpza-22 = (A= A= #[D,&(Vf)] = |V f] + A)s] 222
= (A = t[D, &V f)] = 2|V f])s] 12022

( A AD.Ev ) - er\>t23 o

2

[2a—2,2
< Cot? ||s|| r24-2.2,

where the last inequality holds by the fact that A, [D, ¢(V f)], and |V f| all act by multiplication
of some constant, and are thus all bounded by some constant C > 0.

Using (6.21)) and (6.23), we have that for A € S, t > 1, s € Q*(M, F),
[sl|z2a2 < C1(l|As|lp2a-2.2 + [Is]| po.2)

< Cr(ll(A = Ape + A)sllpaa-2z + (A = Apo)sllpaa-sz + 5] p20-22)

< Cll(x = Ap)sllza-z2 + Cot?|Is] p2a-22 + %5 f20-22) (6.24)
< C1((C2+ DI = Aga)sllpza-zz2 + (Co + 1)E2|s]| 20-2.2)

< C3([(X = Apo)sllpza-ze + t]lsl| p20-2.2),
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where in the final inequality we have set C5 = C1(Cy + 1) > 0.

Using (6.24), there exists Cy > O such thatfor A € S, ¢ > 1,5 € Q*(M, F),
[sllz2a2 < C3([[(A = Afe)sllp2e-22 + tQHSHqu—M)
< C5(|(A = Ap)sllpaze + AL = Ag)sll p2e-az + s 20-12))
for some constant A; > 0. Proceeding inductively we obtain
Isll g2z < Coll(A = Ag)sllzza22 + CoAr(A = Aga)slpzasz + - -
+ CgAl...Aq_1t2q’2H(>\ — Ay y)s||poz + CgAl...Aq_1t2q”8”L0,2 (6.26)
< Cat®I(|(A = Agy)sll 222 + |Is]| o),

(6.25)

where Cy > 0.
By Theorem [5.2.3| for ¢ > 1 large enough, if A € S, then A\ & spec(A¢;). In particular, there
exists some C5 > 0 such that for ¢ > 1 large enough, A € S, and s € Q*(M, F),
A= Ag) sl 02 < Csllsll o (6.27)
By (6.26), (6.27), for A\ € S, t > 1,5 € Q*(M, F),
IO = Ae)sllzzas < Cat? (sl gzeza + 1 = Ag) " sll102)
< C4t2q(HSHL2q—2,2 + C5||S||L0,2) (6.28)
< Cﬁt2qHSHL2q72,2,

where Cs > 0.

Using (6.20) and (6.28), for ¢ > 1 large enough,
[ = Ag) A iahlons < Cot™[A g Ty ah]paomss
= CeT?10(e™ Y ||| F, (6.29)
= O(e™)|IhllF,

uniformly in A € S. By choosing ¢ > n/2, and considering the Sobolev embedding theorem
for ¢-forms, we obtain from (6.29)

I = Apa) ' ApsTiabllae iy < O(e™)|R]|g, (6.30)
uniformly on M. Now, note that
(ét — Jt)S = (Psm,tJt — Jt)S
= (Psm,t — 1)Jt8

_ 1 A dn— [ At 6.31
_QM,(/S(A Agy)~tdA /SA dA)Jts (6.31)

1 MA=Ap) =1
([
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Since J;s has no dependence on A,

1 1 _
(6 — Jy)s = 5 SX(A(A—AN) Yt ah — Jyzh)dX
1
=5 ()\ A ) LA Ty hd

< A=A 1A =R Qe dA
_nm/|| £ B gaiahllon o)

(6.32)
—ct
Y e T
271 S A
—ct
O [ 1,
2mi s A
= O0(e™™)||hllF,
O
Definition 6.1.6. For ¢ > 0, let ¢; be the linear map from C*(W*, F) into 2}, ,
€t = etfét. (633)

Let (-, -)q,,,, denote the inner product induced by (-, )qe(as,r)s ON Qs ¢. Finally, let e} be
the adjoint of e; with respect to this inner product.

Theorem 6.1.7. There exists ¢ > 0 such that as t — oo
efe; = id +0 (e~ ). (6.34)

In particular, for t > 0 large enough, e; : C*(W", F) — Qg4 is an isometric isomorphism
of Z-graded vector spaces.

Proof. First we will prove that &; is an isomorphism. Let X; = &(C*(M, F)) C Qg . We
will show that if u € €2, ¢ is orthogonal to X; with respect to (-, -)q,,, . then u = 0. Recall
the differential forms 1), ; ; were defined in Chapter 5. Since Pk, ; is an orthogonal projection,
it is self-adjoint so

(Vi was(m,F) = (Vutis Psmaw)ae(ar,p) = (PsmtVrti was(ar,r) = 0, (6.35)

since u was assumed to be orthogonal to X}, and each Py, 11, +; € X;. Thus, by Theorem

2
<Af,t’u,, U>Q'(M,F) > CtHu”Q'(M,F) (636)
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However, u € (), 4, so it is the sum of eigenvectors with eigenvalues less than 1. Thus
(A pru W (ar, ) < NulBear - (637)

From the above inequalities we require ||u||? = 0, so u = 0 as desired. X; = Q sm,t» SO € 1s an
isomorphism. Note that

<6t8, 6t8/>ﬂsm,t,t = <ét8, étS/>Q‘(M,F)‘ (638)

Using this, we may conclude that since €; is an isomorphism, e; must be injective. To con-
clude that e; is an isomorphism recall that for sufficiently large ¢, note that rank(szi) =
rank(CY(W*™ F)).

Also, from Theorem[6.1.5] it follows that
erer =1+ 0(e™) (6.39)

for some ¢ > 0. O

6.2 The Asymptotics of P e

Recall from Chapter 4 the linear map

P € QM F) s Y W'(x)* ® / ae C(WY F) (6.40)
reB Wu(x)
is a quasi-isomorphism of complexes, which induces the identifications

H*(M, F) = Hyp(M, F) = H*(C*(W*", F)). (6.41)

Note that Qg+, d') is a subcomplex of (2°(M, F'), d¥') which contains every harmonic form
in Q*(M, F). Therefore,

H*(Qom,t) = ker Agy 50 = ker A= Hip(M, F). (6.42)
The restriction of Pa, to gy, ¢,
Pt € Qo= Poa € C*(WY F) (6.43)
is also a quasi-isomorphism of complexes, which induces the canonical identificiation

H* Q) = H*(C*(W", F)) = H*(M, F). (6.44)
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Definition 6.2.1. Let 7 € End(C*(W™", F')) which, for z € B acts on [W"(z)|* ® F, by
multiplication by f(z).
Denote by N € End(C*(W*, F)) the operator acting on C*(W*, F') by multiplication by 4.

From now on, for ¢ > 0, O(e~“") denotes an element of End(C*(W*", F')) which preserves
the Z-grading and is O(e™") as t — oo.

Theorem 6.2.2. There exists ¢ > 0 such that as t — +00

™
POO,tet = Gt]:<

T

N/2—n/4
) (1+0(e™ ). (6.45)

In particular for t > 0 large enough, Px, te; € End(C*(W", F)) is one-to-one.

Proof. Letx € B and let h € F,. Define

s=W"x)* ® h. (6.46)
Recall that by definition
P i Y W) ® / a. (6.47)
zeB Wu(x)

Additionally, P ; is the restriction of Pu, to Qg (M, F'). Thus

Poo,tets = Z W“(y)* ® / €tfét8

ind(x) W (y)
yeh (6.48)

=Y MOy e / 1w, s,
yGBind(z) W“‘(y)

Note thatif y € B, f — f(y) < 0on W"(y) by definition.

Recall from Chapter 3 that each Wu(y) is a compact manifold with conical simplicialities.
Using Theorem|[6.1.5] as t — oo

/ T g, — / 10D (05 — Tus + Jus)
T () " ()

_ / I 76 4 / TG, )5 (649)
“(v) W (y)
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Recall that if z € BM(z,€), Jis(z) = (O’Z()Zl)m exp (_t‘;P)px ® h. Since the support of y is

contained in BM (z, €), the support of .J;s is also contained in BM (z, ¢). Then

ind(z) ind(z)
/u 1@ s = /u exp <— 52 v |2> ()% exp (‘ 5 2y |2>px @ h
W (x) W (x) i—1

=1

. ind(z)
(67 o) (o o (52 )

=1
(3" o) (2)"

ind(z) n
- (g) 21+ 0(e M),
(6.50)
Now suppose that y € B. That is, y is a critical point of f. It is proven in [Lau92]|, the limit
points of W (y) consist of the union of some W " (), where each ¢/ is a critical point of f

such that ind(y') < ind(y). In particular, if y € B satisfies ind(y) = ind(x) then z ¢ W " (y).

There exists some ¢ > 0 such that if y € B so that y # z and ind(y) = ind(z), then
x ¢ W"(y) and so

JtS = O(G_Ct) (651)
on W (y).
Note that
S oWy / I F W),
yeBind(z) Wu(y)
ind(z) n
= €tf(x)Wu(;1:)* ® (%) 2 1 (1 + O(efct)) + O(efct) (6.52)
ind(z) n
_ 6tf($)Wu($)* ® (%) 2 1 (1+ O(€_Ct)),
Therefore, P ; = e (T)N/271/4(1 + O(e™)). .

6.3 Two Identities

Note that 2, ; is finite dimensional, so we may apply the Knudsen-Mumford map to obtain a
metric on det H®(Qgp1).
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Definition 6.3.1. Let [|[|qet re(a7,7),¢ be the metric on H*®(M, F) associated to (-, -)q,,, .t
by the Knudsen-Mumford map and the canonical isomorphism H®(Qg,, ) = H*(M,F).

Let \-\i‘z‘gf( A, r) . e the metric associated to (*y*)Qum.r,t by the Hodge isomorphism and the

canonical isomorphism H*®(Qg, ¢) = H*(C*(WY, F)) = H*(M, F).
The following proposition follows immediately from Proposition[2.3.3]

Proposition 6.3.2. The following identity holds

108(725 am ) + Log (705, o 0P) = log((lacsreae)?)- - (6.53)

By Theorems|[6.1.7)and [6.2.2} if ¢ > 0 is large enough, P ; is invertible. Then for ¢ > 0 large
enough, P, ; P+ is invertible.

Theorem 6.3.3. Fort > 0 large enough,

M 2
10g< H ”det(H (M,F)) ) — Trs[log(Po*o,tPoo,t)]‘ (6.54)
Il qet (e (a1, 7)) ¢

Proof. Fort > 0 large enough, the map Ps ¢ : Qg ¢ — C*(W", F') is a one-to-one quasi-
isomorphism, which induces the canonical isomorphism

H*(Qgm ) = H(C*(WY, F)). (6.55)
Thus, det ™ (Qgm¢) ® det(C*(W*, F)) is canonically trivial, and det P.; is precisely the

canonical section which trivializes det ™ (Qn ) ® det(C*(W*, F)). Then it is immediately
clear that

M
log ( - 5es e (ar, 7))

_ 2
|| det( s (a2,7)) t> = log([ldet Poc tllei-1 (. ) @det (o (e, 7y))- (6.56)

However, ||det Py = det(P3, tPoo,t), thus

2
it ”derl (Qsm,:)@det(C* (W, F))

log(||det Poo,t||3et_1 ) = log(det(P, ; Po,t))

— Tr,log(P,  Pro)]

(Qum,0)@det(C* (W, F)) (6.57)

O]
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6.4 Proof of the Main Theorem

Now we prove the desired theorem.

Theorem 6.4.1. Let M be a closed manifold Riemannian of dimension n, and let ' — M be
a vector bundle associated to a representation m (M) — GL(n,R) equipped with a metric
g% whose induced metric on the line bundle det F is flat. Let (g"™, f) be a generalized

triangulation for M. Then the following identity holds:

HHodge

) det H®(M,F),t

tlggloo log(TRS,sm(f’ t)Q) + IOg %
| ’detH‘ M,F)

+ log <;> (gX(F) - >2’(F)) + 2t rank(F) T[]

M 2
||'||detH *(M,F)
Hodge
‘ ’detH' M,F)

= log

Proof. By Proposition and Theorem[6.3.3] for ¢ > 0 large enough,

odge
10g(Trs,sm (f,1)%) + 10g(|[gee(ire (vs.py)*+

Trs[log (P  Poo.t)] = log (|| 1o (e ar.1)))

For ¢ > 0 large enough,

Trs[log( P ¢ Pooyt)] = Trs[log((Peo,ter)” Poo ter)] — Trs[log(efer)].

Then by Theorem|[6.1.7] there is some ¢ > 0 such that as ¢ — oo
Try[log(efe;)] = O(e™).

Also, by Theorem [6.2.2]

(Pooster) Proger = (1+ 0(e™) (5

Therefore,

Try[log((Paoser)* Pooser)] = Trs [mg ((t)N " Wﬂ +O(eeh).

N—n/2
ﬂ-) e?t]—'(l +O(€_Ct)).

(6.58)

(6.59)

(6.60)

6.61)

(6.62)

(6.63)
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Moreover,

i [1og () "7e)] =2t = 1 [ (5 - ) os ()

Note that
Tr [F] = Te2[f],

n n -
Tr, [(5 - Nﬂ = 5X(F) = X'(F).
From the above considerations, we find that as ¢ — oo,

0g(7as,sm (f,£)%) + 108 (|| 5etere arpy0)?

+ 2T+ (Gx(F) - X(F) o ()
= log (|l It (vr.r))* + O™,

which implies the claim.

63

(6.64)

(6.65)

(6.66)

O]

Now we will obtain Theorem [6.0.1] from Theorem [6.4.1] First note that since M is compact

and odd dimensional, x(#") = 0 and

2

‘ |Hodge
o [ Ldetronm ) _ g
08 Hodge = U.
’ |det He(M,F)
Then multiply both sides by —% to obtain as t — oo
’ |Hodge
det H® (M, F) r
log HH— —log Trs,sm (f,t) — t rank(F) Tr{"[f]
det H®(M,F)

+ X () log (1) +0q).

By adding log Trs, sm (f, t) to both sides we obtain Theorem

(6.67)

(6.68)
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Chapter 7

Asymptotic Expansion of the Large
Eigenvalues

In this section we examine the large ¢ asymptotics of Trg,(f,t). Rather than computing it
directly, we will instead prove a comparison theorem, which describes the asymptotics of the
difference of the Ray-Singer torsion for two different manifolds equipped with Morse functions
that have the same critical point structure. Using this, we will show that ||-||59 He(MF) =

[BIF #e (a1, DY considering the product manifolds M x S* x S' and M x S?. This chapter
follows [BraO3|.

7.1 Statement of the Comparison Theorem

Let M, M be closed Riemannian manifolds of odd dimension n. Let F, F be real flat vector
bundles over M, M, respectively, with dim ' = dim F'. We assume that F' and F are equipped
with Hermitian metrics so that the induced metrics on the determinant lines det ', det F are
flat. Let f : M — Rand f : M — R be Morse functions.

Definition 7.1.1. We say the Morse functions I, f , have the same critical point structure
if there exist open neighborhoods U C M, U C M of the sets of critical points of f, f
respectively, and an isometry ¢ : U — U, such that f = f o ¢.

Definition 7.1.2. We say that a function [ : R — R has a nice asymptotic expansion as

65
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t — oo if
d

d

1) = a; /[t + > bu(t/ |t log(|¢]) + O(1) (7.1)
j=0 k=0

and the coefficient ag satisfies ap(1) = ag(—1) = 0.

In the first half of this chapter we prove the following theorem, which we will then use to prove
the Cheeger-Miiller theorem.

Theorem 7.1.3. Suppose f : M — R and f : M — R are Morse functions with the same
critical point structure, and U, U are isometric neighborhoods around the critical points as in
the above definition. Then log Trs o (f,t) — log Trs 14(f, t) has a nice asymptotic expansion.

7.2 Determinant of an Almost Elliptic Operator with Parameter

We will work in a more general situation. Let F' be a real vector bundle over a closed Rieman-
nian manifold M of dimension n. As in previous chapters, suppose that g” ™ is a Riemannian
metric on M and suppose that ¥ is a metric on F'. Consider the following operator, acting on
smooth sections of F":

Hy=A+tB+t*V :C®(M,F) - C®(M,F), tecR, (7.2)

where A : C*°(M,F) — C*®(M, F) is a second-order self-adjoint elliptic differential op-
erator with positive definite leading symbol, and where B,V = B(x),V(z) : F — F are
self-adjoint bundle maps with V' (z) > 0 for all z € M. Recall in Chapter 5 we expanded the
Witten Laplacian so it does take this form.

Suppose there exists constants tg, c1,co > 0 so that for all [t| > t¢, there are finitely many
eigenvalues of H; which are smaller than e/l and all other eigenvalues of H; are larger
than cs|t|. Let P, be the orthogonal projection onto the subspace of smooth sections to £
spanned by eigensections corresponding to eigenvalues greater than 1. Again, this assumption
is satisfied by the Witten Laplacian due to the spectral gap theorem.

Recall that P, ; and (id —P), ;) are idempotent, so rank(id —Pj, ;) is equal to the number of
eigenvalues smaller than 1, counting multiplicites. Hence the mapping ¢ — rank(id —Pj, ) is
locally constant for |t| > max{tp, 1/co}. Let |t| > max{top,1/co} and set

m4 = rank(id — Py, 4). (7.3)
Also assume that there exist constants £ > 2n + 1 and C' > 0 so that

Tr [(Hf + 6)_113;@7,5] <C (7.4)
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forall e > 0 and |t| > 0. We wish to prove that the Witten Laplacian satisfies this assumption.
To do so, we will use the following from [BFK96, Lemma 3.3].

Let N(q,\) denote the counting function for the large eigenvalues of Aq More precisely,
N(q, A) is the number of eigenvalues (counting multiplicities) between 1 and A

Lemma 7.2.1. There exists a constant C' > 0 which is independent of t such that for all
S spec(A?c’t) N[1,00),
N(g,\) <O\ (7.5)

The following proposition was stated in [Bra0O3, Section 5], however the proof given here is
original.

Proposition 7.2.2. There exists a constant C > 0 which is independent of t such that for all
k>2n4+1,¢>0,

Tr [((Af,t)k +e) Py < C. (7.6)

Proof. Fix some ¢ > 0, k > 2n + 1, and some ¢ = 0,...,n. Let spec(A‘}{t) N[1,00) =
{Agt.1,Agt2, ..} sothat Ag; < Ay for i < j. We need to show that there exists some
constant C; > 0 which is independent of ¢ so that

o

1
Z <O (1.7)

qtz

To do so, use Lemma to choose some C,; > 0 which is independent of ¢ such that for all
S Spec(A(}t) N [1, 00),

N(g,\) < CyA™. (7.8)
In particular,
i < CyAgri (7.9)
" 1 1
<C,=. 7.10
)\2?&’1 — Cq Z'Q ( )
Then,
1 S | 21 2
Z<Z§C(Z.>—C. (7.11)
k 2n q 2 q
— Agii T € — At i 6
Set
C=)% Ci— (7.12)
6
q=0
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Let F' be areal vector bundle over another compact Riemannian manifold M. Assume rank F =
rank F'. Let

Hy=A+tB+t*V :C®(M,F) = C®(M,F) (7.13)

be defined with the same assumptions as above. Similarly, let 151a7t be the orthogonal projection
onto the span of eigensections of [; with eigenvalues greater than 1. We wish to prove the
following theorem.

Theorem 7.2.3. Suppose there exist open sets U C M and U C M such that V(z) > 0 for
allz € M\ U and V(z) > 0 forallz € M\ U. Let ¢ : U — U be a diffeomorphism
which preserves the metric. Assume the induced map ) : ¢*E|U — E|y is an isometry, so we
may identify the restriction of H; to U with the restriction of H, to U. Then logdet’ Hi P s —
log det’ .FNItISW has a nice asymptotic expansion.

This theorem implies Theorem[7.1.3]as follows. By definition

; BN 7 i pi
log Trs1a(f,t) —log Trsa(f,t) = 3 Z(—l)%log det’[A% , Py, ]

(=1)7jlog det’[A% Fj, ]
(7.14)

|
N | —
Kli .
3
= IM=1

(~1)'i (log det (A}, Pl ]
0

| =

)

— log det’ [A}yt%t]) .

Provided each log det’[Aéc Pl 1 —log det’[Ai; t]—:’fa .| has a nice asymptotic expansion, then it

is clear that log Trs 14 (f, t) — 108 TRs 14 1, t) also must have a nice asymptotic expansion.

Before proving Theorem [7.2.3] we will prove the following proposition.

Proposition 7.2.4. For each k > 2n + 1 the following equality holds

klogdet’ Hy Py, = log det’ Hkle

1 (7.15)
— log det’[(HE + 2%) Py ] — £2F / Te((HF + 7251 Py ]dr.
0

Proof. Recall for k > 2n + 1 the operator [(Hf + 7t?*)P,, ;]~! has a well defined trace for
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each t. The first equality is obvious. For the second equality consider

% log det’[(HF + Tt2k)Pla,t] =Tr [(Htk + Tt%)*l%(Htk + Tt2k)Pla,t:|
= Tr [(HF +7t%) ' Py, (7.16)
— 2k Ty [(Hf T rt%)—ltPla,t]
Now we will integrate both sides of this equality. For the left hand side we have
/0 1 % log det’[(Hf + 7t**) Py sJdr = log det’[(Hf + t**) Py 1] — log det’[H} Pja.q)-

(7.17)
Thus we see that

1
log det’[(HF 4+-t2%) Py 4] —log det’[Hf Py 1] = t*¥ / Tr [(Hf + Tt%)—ltpla,t] dr. (7.18)

0
]
From now on, fix a k > 2n + 1 so that there exists a constant C' > 0 such that
Tr [(Hf n e)—lpla,t} <C (7.19)
forall e > 0, [t| > 0.
Lemma 7.2.5. Ast — oo we have
1 1
/ Tr [(Hf + TtQ’“)*lPla,t} dr = / Tr [(Hf + 7t 4t 7F) TP | dr + Ot ).
0 0
(7.20)

Proof. Since large eigenvalues of H; are greater than cs|t| and since P, is the projection
onto the subspace spanned by eigensections corresponding to large eigensections, we have
|(HF + 7t2%) " Pia || < ((cat)® + 7¢%%)~1, where we are using the operator norm. Recall
Hilbert’s resolvent identity:

A-2)1—(A-w)t=C-w)(A-2)"(A-w)! (7.21)

for any operator A and any z, w in the resolvent set of A. Using this identity we have
1 1
/ Te [(HE + 7)™ Pl | dr — / Te |[(HF + 762 + 177 Py | dr
0 0

1
- \t\k/ Te | (Hf + 7627 (HE + 712 4 |75 7 g dr. (7.22)
0
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Then using the above and the inequalities ||(Hf + 7t2*) " P 4|| < ((c2t)* + 7t?*)~! and

Tr [(Hf + €)' Pjay] < C we have

1
1+ / T [(HF 4+ %) (HE 4 7t 4 ) P dr
0

1
S
0

| T [(HE 4 722 4 7) 7 Py ] dr

1
1
< C|t|7* ———-d
< Cl /0 (cal)F+ 72"

= Clt|"*log(1 +1*/c5) = O(t~*").

Next consider the following proposition.

Proposition 7.2.6. Ast — +oo
1
[ [ Pl ar
0
1
_ / Tr [(Hf 2oy ]t!’k)*l] dr — 3kme log([t]) + O(t~2),
0

and

log det’ [(Htk + t2k)]35a7t} = log det’ [Hf + t%} —2kmy log([t]) + O(1).

Proof. For the first equality note that
1
/ Tr {(Hf + 7tk 4 \tr’“)*lﬂa,t} dr
0

1
:/ Tr [(Hf—krt%—i- \tr’“)*l] dr
0

1
—/ Te [(HF + 762 4 ¢ %) 7 (id ~ Py )| dr.
0

By our assumptions on the small eigenvalues of H; we have that

1
/ Tr [(Hf + otk 4 7)) d —Pla,t)} dr
0

1
> / ma (e R 4 g2k 4 |t|_k)_1d7.
0

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)
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Thus

1 1
/ T [(Hf 4 )] dr / T [(HE 4+ 2% 4 1)) (d ~Pug) | dr
0 0

1 1
< / Te |(HF + 7%+ 177 dr — / ma (e g2 41 ~R) gy,
0 0

(7.28)
So it remains to compute the integral fol m (et 4 742k 4 |¢|7F)~1dr. Note that

1 itk 2%k —NE
_ ke log(e~ctltlk 4 742k 4 |¢
/0 my (e Cl|t|k+rt2k+\t\ k) ldT:mi! ( o 4
0

2k
=mat Flog |1+ — %
e—ciltlh 4 ¢
(7.29)

=myt 2 (log (|t|3k)

—k
+log | |t| 7% + id + [t 7"
o—ciltlk :

1
/ ma (e R 2k ]t]_k)*ldr = 3kmat= log |t|
0

Therefore

2% —3k jt] 7 (730
+ myt™ " log <|t| + 661|tk+|t|k> .
However
: —3k ¢~
tgrinoo log <|t\ ec1t|k_|_|t|k> =0, (7.31)
SO
/0 1 ma (e” M 4 712% 4 17 L dr = 3kmat™F log |t + O(t%F), (7.32)

which implies the first equation. For the second equation, note that

log det’ [(Hf + 12y Pza,t] — log det’ [Hf‘ n t%} ~log det’ [(Hf +129)(id — Pray)| -
(7.33)
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By the assumptions on the small eigenvalues of H; we have that

log det’ |(HF 4 t2%)(id —Pla’t)} < my log (e_q't'k + t2k>

2% etk 7.34
=my | log(t") + log 1+t27k (7.34)

= 2kmy log|t| + O(1),

since

6761|t|k

t—=oo
This implies the second equation. O
Note that HF + t%* is an elliptic differential operator with parameter t and weight x > 0. For

more details on elliptic operators with parameter, see for example, [[Shu96, Chapter 2]. We will
utilize the following Theorem from [BFK92, Theorem A.3].

Theorem 7.2.7. Suppose P(t) is an elliptic differential operator of order m > 1 with param-
eter t and weight x > 0 such that there exists a solid angle L in the complex plane with the
property that any 0 € L is a principal angle for P(t).

Then log det’(P(t)) has a nice asymptotic expansion as |t| — oo.
Since the spectrum of H* + 2 is entirely real, H* + t?* satisfies the conditions of Theorem
So log det’(H* + t?*) has a nice asymptotic expansion.
By Proposition(7.2.4]
klogdet’ Hy Py, ; — klog det’ Hy Py, 4
— log det’ [(Hf + t%)PlaJ} ~ log det’ [(ﬁf + t%)ﬁla,t]

(7.36)
— 2k /O 1y [(Ht’“ + rt%)—lpla,t} — Tr [(ﬁf + rt%)‘ll%a,t} dr.
By Proposition
log det’ [(Htk + tQk)Pla,t} — log det’ {(ﬁf + t%)Pm,t}
= log det’ [(Htk + t%)} — log det’ [(f[tk + t%)} (7.37)

— 2kmy log [t| + 2kmy log |t| + O(1).
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Since log det’(HF + t¥) and log det’(H} + t**) have nice asymptotic expansions, then the
above equation indicates that log det’ [(Ht"C + tQk)Pl(Lt] —log det’ [(ﬁf + tzk)lslaﬂg} must also
have a nice asymptotic expansion. Thus Theoremis true provided t2* 01 Tr [(H f + Tt2k)_1]31a’t] —
Tr [(ﬁf + 7'752]‘3)_116@4 dt has a nice asymptotic expansion. By Lemma/(7.2.5

1
/ T [(HE + 742%™ Plag| = Te [(BF + 7427 Plo| dr
0

1
— / Tr [(Hf + 712k + |t|"“)*1Pla,t] —Tr [(Ht’“ + 72k 4 yty—k)*lpla,t} dr + O(t™%%).
0
(7.38)
Then by Proposition[7.2.6]

1
/ Tr [(Htk L |t|_k)_1Pla7t} Ty [(Hf L |t|_k)_1Pla,t} dr
0

1
A I e e
0
— 3kmit™Flog [t| + Bkt~ log [t + O(t~2F).

Thus, ¢ fol Tr [(Hf + 7t*%)71 P, 4] — Tr [(ﬁtk + Tt%)_lﬁla’t] dr has a nice asymptotic ex-

pansion if fol Tr [(Hf + 7tk 4 ]t]ik)_l} —Tr [(f[t’“ s |t|7k)_1} dr. Theorem|7.2.3
follows from the following proposition.

Proposition 7.2.8. Under the assumptions of Theorem[7.2.3]the function
1
t2k/ Te |(HE+ 762 4 1757 = T [(F 4 2 )7 ar (7.40)
0
has a nice asymptotic expansion.

We will prove Proposition in the remainder of this section. Recall that the sets U and
U are defined in the statement of Theorem Let W C M be an open subset such that
W C U and such that V(x) > 0 for all x ¢ W. This choice is possible since the points x
where V' (z) = 0 is a closed subset of the open set U. Fix an € > 0 such that V' (z) > ¢ for
all x ¢ W. We will assume without a loss of generality that € < 1. Letv : M — [0, €] be a
smooth function such that suppv C U and v|y = €. Let

Ay = HF + 7t ¢ It

(7.41)
Apro = HE + 762 4 [t|7F 4 022,
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To simplify our notation we will identify U and U via the diffeomorphism ¢ : U — U which
was defined in the statement of Theorem In particular, we will also view v as a function
on M. We will define A; - and A; ;, by replacing Hf with Htk in the definitions for A; ; and
At,T,v-

Lemma 7.2.9. Let K;,(t,x,y) denote the Schwartz kernel of the operator A, 7171}. For each
NeN
N .
Kro(t,z,x) =Y aj(rt/[t], )" 4oy (t,2), (7.42)
j=0

where tNry ,(t,x) — 0 ast — Foo uniformly in 7 € [0,1] and x € M. The coefficients
a;(1, %1, x) depend continuously on T € [0, 1] and can be expressed in terms of the full symbol
of Hy and a finite number of its derivatives. If j = 2i is even, then a; (1,1, ) + (7, —1,2) =
0.

Proof. Note that the operator A; -, is an elliptic operator with parameter. Then this lemma
is a consequence of the standard contruction of the parametrix of an elliptic operator with
parameter. For more details on this construction, see for example, [Shu96, Section 9]. ]

By definition Tr A; ! = | 1 Krw(t, 2, x)dx, so we have the following corollary.

t,T,v

Corollary 7.2.10. The function t** fol Tr A ;,udT has a nice asymptotic expansion.

The following lemma will be used to obtain Proposition|7.2.8

Lemma 7.2.11. Under the assumptions of Theorem we have

Tr [A;} — A7}

t,T,v

| =T |47 - AL = o) (7.43)
as t — oo uniformly in T € [0, 1].

Proof. We have
A — A}

t, 7,0

= A PR ALL = AL

t, 7,0 t,7,v

vt AL (7.44)

Therefore,

Tr (A} — A}, =Tr [A;Tlu%%At,T,v]
=2k Ty [UA;;’UA;,}U] (7.45)

= 2k Ty [vA*2 U} + % Ty [’UA72 UQAAU] .

t,Tv t,T,v t,T
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We may use the same argument to obtain a similar equality for Tr [A; 71 — fl; ! } .

Let Kﬂ,(t x,y) denote the Schwartz kernel of the operator At - By Lemma|[7.2.9, for all
x € suppv C Uandall N € N, we have K, ,,(t,z,x) — Km(t,x,m) =O0(t~ N) ast — oo
uniformly in 7 € [0, 1]. Therefore

Tr [v/r2 | -Tr |:UAtT'v] = / (Kt 2,2) — Kro(t, z,2))vde = Ot (7.46)
M
as t — oo uniformly in 7 € [0, 1].

Let Iy, =Tr [A;} — A}

t,Tv

| -Tr [A - fl; Tlv} . Thus we have that

Dipy = Te[A} = AL =T[40} - AL

t,T,v t,T ,T,U
= ¢ (Tr [’UA;%,UU] Tr [UA;ivv})

o _ i (7.47)
=t / V(K (tz,x) — Kr 0 (t, 2, x) )vde
M

4tk (Tr [’UA_2 UQA_I’U] —Tr ’UAtTU A;ﬁ;)

as t — oo uniformly in 7 € [0, 1].

Using the 1sometry Y ' E |U — E|y which was defined in the statement of Theoremm

we may view vA72 vand vAt,Tv as operators acting on the space of sections of the bundle E.

Then o
’Tf UAtm AtT v] = Tr |:UAt7'v 2121;71””
’Tr [ vAtTU vAtm )UA;TUH
‘Tr [vAt i) (UA;TU - UA;TIU)} ‘ (7.48)
< HUA UH Tr {vAtTv UAtTv ”
+ HUAtTv ‘ . ‘Tr [’UA;T’U — UA;T’U} ‘ .
Note that

oAz ol < 1t (7.49)
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and

’ < 2tk (7.50)
Now fix N > 7k. We see that
t,T,v t,T t,T,v

It 70| = ‘t‘“ﬁ Tr [UA_2 UQA_I’U] — % Ty |:’UA_2 UQA#U] ’ + Ot

< i HvAt_:vH . ‘Tr [UA_Q v —vA? v}

t,T,v t,T,v

+ 754’c Hv/~172 v

t,T,v

|- [oazto = 0Azto] | + 06 ) (7.51)

<o) 4 €72

Tr [vA;Tlv - v[l;jv} ‘ + O(t*=N)
=2 ‘Tr [’UA;,}’U - ’UA;;U} ‘ +O0(t™%h).
Similar to the beginning of the proof, we have

vA v — ’UA;_} =t (wA! UQA;Tlv —vA7! UQA;Tlv)

t,T t,T,v t,7,v
+ (UA;Tl7vv - vfl;%vv)
= t%qu;Tl,vv(vA;Tlv - vfl;Tlv) (7.52)
+ ¢ ('UA;TI’U'U - vfl;%vv)vflt_}v
+ (’UA;%UU — v;l;;’vv).

Lemma implies that for all N € N the traces of the second and third summands in the
right-hand side of the above equation behave as O(t~") when ¢t — oo uniformly in 7 € [0, 1].
Therefore

t,Tv

‘Tr [UA;;’U - vfi;;v} ‘ < %k Hv/r1 ’UH . ‘Tr [UA;Tlv - vfi;;v} ‘ +0o@t™).  (1.53)

Also,
2t2k 6_2 |t|73k
2R llpat o< —S8 <M 7.54
HU tﬂ?UUH — €2t2k+ ‘t‘_k — 2 ( )
Hence conclude that
‘Tr [UA;Tlv - UA;jU} ‘ < O(t3F=N). (7.55)
Since we assumed N > 7k,
I r0] < €20t +O(t2F) = O(t72F), (7.56)

S0 I 7y = O(t‘zk) uniformly in 7 € [0, 1]. O
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Now we will show how to obtain Proposition from what we have proven. Note that

12k r[(Ht+7-t2k+|t| 7 = T | ) ar

2 /1 Tr [A {A } dr
01
/ Tr [A;; — trv] Tr {A 1_ fl;,}}v} dr

1
+t2k/ Tr[AtTv] dT—i—tQk/ Tr {A”v] dr.
0 0

\

(7.57)

O

Note that the first summand on the right hand side of the above equation is O(1) by Lemma
and the last two summands have nice asymptotic expansions by Corollary
Therefore, we have proven Proposition [7.2.8]

7.3 Proof of the Cheeger-Miiller Theorem

We will restate Corollary for convenience. For notational convenience, let

R(M,F, f) = log M (7.58)

I ”det H*(M,F)

R(M, F, f) is a constant independent of f, however it is convenient to keep track of f in the
notation. To prove the Cheeger-Miiller theorem we need to show that R(M, F, f) = 0.

Corollary 7.3.1. Ast — oo,
1 t
108 7rs1a(1,8) = ROLF. ) + traik(F) TS0 f] = 1 (F)og (£) + 01, (7.59
i
Furthermore, R(M, F, f) is independent of f.

Note that since e~ (70(=f) = e7f and e(=)(=f) = ¢!/ then A;, = A_;_,. Therefore

TRS,1a(f, —t) = TrRs1a(— 1, 1). (7.60)

Suppose we have chosen some closed Riemannian manifold M, some flat vector bundle F,
and some Morse function f such that the hypothesis of Theorem is satisfied. Then
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rank(F) = rank(F), ¥'(F) = ¥'(F), and the Morse functions f and f have the same critical
point structure. Therefore ) [f] = ) [f]. So by Corollary|6.0.2,

R(M, Fa f) - R(M,F, f) = 1OgTRS,la(fv t) - 1OgTRS,la(f7t) + 0(1)

as t — oco. However by Theoremmlog TrS,1a(f 1) — 108 TRS 1a( 1, t) has a nice asymptotic
expansion, so R(M, F, f) — R(M, F, f) also has a nice asymptotic expansion. In particular,
since R(M, F, f) — R(M, F, f) is constant, it must be equal to the free term of the asymptotic
expansion of log Trs 1a(f, ) —10g Trs,1a(f,t). By the definition, the free term satisfies ao (1) -+
ap(—1) = 0. Therefore

Since R(M, F, f) is independent of f, we have that

[R(M,F,f)—R(M,F,f)]+[R(M,F,—f)—R(M,F,—~f)]

MR (7.62)
=2R(M,F, f)—2R(M,F, f) =0,

so R(M,F, f) = R(M,F,f).

Now we will consider the product manifolds M x S' x S' and M x S?. In order to define the
Ray-Singer and Milnor torsion on these manifolds, we need to choose a Morse function and
vector bundle for both.

More generally, let N be an even dimensional manifold with the vector bundle F,, — N
associated to the trivial representation ps : 7m1(N) — 0. Equip N with a generalised triangu-
lation (g7, fx') and let f be the Morse function on the product manifold M x N defined by

f(z,y) = f(z) + fn(y). Then by Theorem 4.1.3] log 7rs(N, fx) = 0. Additionally, it is
clear that the pullback bundle p} (F') ® p3(F),) is isomorphic to p}(F).

Equip the product manifolds M x S? and M x S x S', with the vector bundles described
above. We wish to define two Morse functions f; : S? — Rand f» : S' x S' — R, which
have the same critical point structure. To do so, we will need the following lemma [BFK96,
Lemma 4.2].

Lemma 7.3.2. Suppose M is a closed Riemannian manifold of dimension n, and (g™, f) is
a generalized triangulation of M. Suppose that 0 < qo < n — 1 is an integer, and z,y € M \
Cr(f). Then there exists a generalized triangulation (g™ " 1) which satisfies the following
four properties.

1. Cry(f') = Cry(f), for g ¢ {qo0,q0 + 1},
2. Cry, (f,) = er(f) u{z}, ero+1(f/) = ero+1(f) U {y},
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3 (gTM’7 1) is a subdivision of(gTM, I

4. W (y) N W*(x) is connected.

To construct the desired generalized triangulation on S* x S, choose a metric g7 (5 PxSY We
may define a Morse function g, : S' x S' — R by perturbing the usual height function so
that we obtain a self-indexing Morse function g which satisfies the Thom-Smale transversality
conditions. The function g, has four critical points, two of which are index 1, one of which is
index 2, and one of which is index 0. Define f, by deforming g, so that one critical points of
index 2 and one index 0 are added, while all other critical points are left unchanged. Assume
without a loss of generality that f» is self-indexing. This may be achieved by “denting” the
torus in an open set which does not contain any critical points of go. Then (gT(S xS 1), fa)isa
generalized triangulation of S! x S?.

To construct the generalized triangulation on S?, we will begin by defining g1 : S — R to be
the usual self-indexing height function and choose a metric hTS* 5o that (gTSQ, g1) is a gener-
alized triangulation. Then apply Lemma([7.3.2]twice to obtain another generalized triangulation
(nTS 2, f1) such that f; has two critical points of index 0, two critical points of index 1, and
two critical points of index 2. Once again, we will assume without a loss of generality that f;
is self-indexing.

By construction, it is clear that f; and f> have the same critical point structure.

Define the Morse functions f; : M x S? — Rand fy : M x St x S — Rby f,(x,y) =
f(x)+ fi(y) and fo(z,y) = f(x)+ f2(y). Additionally, equip the product manifolds M x S?
and M x S! x 1 with the product metrics, which are denoted by g7 (M*5%) and ¢7(Mx5'xS")
respectively. Then (f, g7(M*5%)) and (f,, g7 (M5 *5")) are generalized triangulations, and
f1 and f,, have the same critical point structure. This implies that R(M x S2,pi(F), f;) =
R(M X S1 X Sl?]ﬁ(F)v?Q)'

Since S? and S' x S are even dimensional and equipped with a vector bundle obtained from
an orthogonal representation, s (S?) = 7rs(S* x S') = 1 by Theorem Recall that
x(S?) =2, and x(S* x S1) = 0.

The product formula stated in Theorem also applies to Trg 14 ( f, t) for product manifolds.
Thus

log TRS,la(fh t) = 2log TRS,la(f; t). (7.63)
Let X' (M) = Zmecr(f)(fl)ind(m) ind(x), let x'(S?) = ercr(h)(fl)ind(“”) ind(z), and let

X' (M x S?) = erCr(fl)(_l)ind(x) ind(z). x'(M) is called the derived Euler characteristic
of M. By definition, rank(F)x'(M) = x'(F'). The product formula for the derived Euler
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characteristic gives
X' (M % 8%) = x(M)X'(5%) + X' (M)x(S5?). (7.64)
Since M is compact and has odd dimension, x(M) = 0. Additionally, x(5?) = 2. Thus
X' (M x S%) = 2x/'(M). (7.65)

Since rank(F') = rank(pj(F')), we have 2x'(F) = X'(pi(F)). Combining the product for-
mula, the above considerations, and Corollary[6.0.2] as t — oo,

tog s (71, 1) = ROM x 8% pi(F), 72) + (¢ = 5 log (£ ) )X @i (F) +0()
= 2log Trsa(f, 1)

1 rt\\., (7.66)
— 9R(M, F, f) + (t —5log (;))2x (F)+0(1)
1 ENY s
= 2R(M, F, f) + (t = 5 log (=) )X (i (F)) + O(1).
Therefore, R(M x S2,p;(F), f1) = 2R(M, F, f).
Using Theorem #.2.1]
log Trs (M x 8%, pi(F)) = 2log Trs(M, F) 67

log Trs (M x ST x St pi(F)) = 0.

Therefore, R(M x S' x S*, pi(F), f3) = 0. Since f; and f, have the same critical point
structure, R(M x S%,pi(F), f1) = R(M x S x St pt(F), fy) =0, and

2R(M7F7 f) = R(M X SvaT(F%?l)

ond B (7.68)
= R(M x S* x S, pi(F), fy) = 0.
It follows that RS
ROMF.f) = IOgH-Hinw o, (7.69)
”'HdetH'(M:F)
and RS
Maet ey _ (7.70)
H'HdetH'(M,F)

which completes the proof of the Cheeger-Miiller theorem.
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